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Abstract 
 
This paper shows the approximation of the values of material constants referring to 
energy-based models of hyperelastic materials by means of pseudorandom methods. 
As opposed to conventional approaches to these sorts of issues, this paper 
introduces the application of evolutionary algorithms for this purpose. The attention 
has been focused particularly on genetic algorithms. The whole process of 
validation described in the paper was based on the Mooney model modified by 
Wegner [1]. The chosen measure of adjustment is the mean square error value of the 
stress, referring to the positions of the points on the theoretical curve, compared 
with corresponding experimental values obtained by Treloar [1,4]. Five models, 
including the assumption of material compressibility, have been taken into 
consideration. 
 
Keywords: energy-based models, hyperelastic materials, rubber-like materials, 
compressibility, genetic algorithms, evolutionary algorithms. 
 
1  Introduction 
 
In recent years increased interest in different aspects of energy-based modelling has 
been observed [1-6]. It is understandable when the advantages of energy-based 
models referring to theoretical analysis of chosen materials are taken into 
consideration. Presenting their mechanical properties by means of properly 
formulated mathematical model, including right and correctly defined material 
constants, allows to estimate the stability of the equilibrium state and to simulate [2] 
their behaviour in variable external conditions. 

Formulating the proper mathematical model of hyperelastic material in which 
material constants have been determined in a right way requires making proper 
initial assumptions as well as presenting the core of modeled phenomenon in the 
clearest possible way. These conditions have been fulfilled in the mechanical 

  
Paper 61 
 
Application of Genetic Algorithms for 
Approximation with Energy-Based Models 
 
W.B. Bończyk 
Institute of Applied Mechanics 
Poznan University of Technology, Poland 

©Civil-Comp Press, 2012 
Proceedings of the Eleventh International Conference 
on Computational Structures Technology,  
B.H.V. Topping, (Editor),  
Civil-Comp Press, Stirlingshire, Scotland 



2 

properties models taking incompressibility of chosen materials into consideration 
[3]. 

The objective of this paper is to present a method of optimal values of material 
constants computation for chosen energy-based models approximating mechanical 
properties of hyperelastic materials determined in tests. The method enables  
comparison and estimation of their approximation objectively. The pseudorandom 
evolutionary algorithms have been used for this purpose. Particular attention has 
been paid to genetic algorithms. 

 
 

2  Analysis 
 
2.1 Preparation 
 
The numerical tool which enables investigating a given energy-based models 
describing mechanical properties of hyperelastic materials has been created using 
MATLAB software. The aforementioned investigation is based on determining the 
capability of given energy-based models to approximate material characteristics 
obtained experimentally. On the basis of defined adjustment measures, numerical 
compilation of parameters describing material constants of chosen material model,  
is demanded. The compilation is made in order to find the values, for which an 
energy-based model approximate experimentally obtained material characteristics in 
the most precise way possible. 

The values of mean squared errors of the positions of points on the theoretical 
curve, compared with corresponding experimental values obtained by Treloar [1,4] 
is a measure of adjustment. MSE values have been made dependent on strain value 
in the direction of force that caused them, taking into account transverse strains 
impact at the same time. 
 
 

2.2 Energy-based modelling 
 
2.2.1   Initial assumptions 
 
The energy-based modelling is a method of complex machanical problem solving 
based on the assumption that the correctness of mechanical energy dissipation in a 
chosen object depends mainly on fulfiling the law of conservation of energy. The 
mathematical and computing difficulty in it seems to be the assumption that some of 
the existent materials can be perfectly incompressible. Inaccuracies subsequented 
from the abovementioned assumption are easly seen among others in researches 
connected with the dissipation process where the necessity of fulfiling the 
assumption of incompressibility introduces additional complications while solving 
the problem [1]. The abovementioned assumption leads also to an incorrect material 
description. That results from omitting the energy that is needed for a volume 
change, whereas it is stored in the volume deformation of all bodies, even those that 
seem to be practically incompressible.  
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By matching proper value of a bulk modulus (K) which is the element of volume 
energy of a strain energy, and also one of the three material constants whose values 
are searched by the created algorithm, it is possible to describe materials which 
show practical incompressibility in a simple way. That leads to avoiding 
computational difficulties connected with evaluating strains in whichever part of 
material as well as avoiding problems connected with fulfiling the condition of 
constant volume of deforming part of the element [1]. 
 
2.3.2   Energy-based models 
 
One of the first and still basic strain energy function related to incompressible 
materials is Mooney function [1-6,9] given by Equation (1): 

 
 ( ) ( )1 1 2 23 3U C I C I= − + −  (1) 
 
where: 

C1, C2 – material constants determined in tests: 
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However, this function does not take material compressibility into consideration, 

which makes difference in many cases. Rubber, which is hyperelastic material, is 
characterized by nonzero compressibility as well. This fact has been taken into 
account in many models following the example of Mooney model by introducing J 
value [1] defining the volume of given material. The value J is equal to square root 
of the third invariant which describes the volume of each finite element into which 
the chosen material has been divided and is given by the Equation (3): 
 

 31 2
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where: 

 λi – relative length of the deformed edge of  rectangular element, 
 dsi – length of the undeformed edge of the element, 
 dsi – length of the deformed edge of  the element. 

One of the featured of aforementioned models is the Mooney model modified by 
Wegner [1] given by Equation (4): 
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On the basis of this model the numerical tool described below has been created. 
Also the following models [1,8], which differ from each other only by the form of 
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volume energy of the strain energy function and which are given by Equation (5) – 
Equation (8): 
 
 ( )2( ) 1 ,IU K Jυ = −  (5) 
 
 ( )( ) ln 1 ,IIU K J J Jυ = − +  (6) 
 

 ( )( ) 33 4 3 ,
4IIIU K J Jυ ⎡ ⎤= − +⎣ ⎦  (7) 
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have been subjected to the genetic algorithm.  

 
2.3 Algorithm 
 
2.3.1   Processing 
 
The optimization algorithm consists of two parts. An operating of each of them is 
related to using different methods. The first part is founded on enumerative method 
which is the binary searching method (bisection method) and, connected with it, 
Bolzano–Cauchy theorem which makes the given equations roots existence 
dependent on signs of the endpoints of a closed interval of given continuous 
function. The second part uses the simplicity of  genetic algorithms subjecting the 
population of possible results to processes of replication, crossing-over and 
mutation. 

In the preliminary stage of search for optimal values of material constants 
minimizing a nonlinear objective function determining the approximation error, the 
division of the considered class of values of material constants is made by iterative 
method, until the values are close to optimal or, which is seldom, until material 
constants of an ideal model with a zero approximation error are found. 

On the basis of the graphic presentation of the mean squared errors dependence 
on received values of material constants, the distribution of constants sets into two 
groups is achieved. Each of these groups determines proper fitting of the theoretical 
curve to the experimental one in one of two strain ranges – from small to medium 
and from medium to large one. The initial populations of models obtained in this 
way, determined by close to optimal material constants sets are then subjected to 
optimization processes according to created genetic algorithm. 

The genetic processing begins from determining individuals which will be 
included in so called mating pool – the first generation subjected to further 
processing of genetic algorithm. This generation is made of two populations 
originating from the ones created before and conditioning the satisfying adjustment 
of the theoretical curve to the experimental one in one of two strain ranges. With the 
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biggest probability, individuals determining the smallest values of the mean squared 
error, are qualified to the initial generation, which means giving the best adjustment 
of the two mentioned curves. The number of individuals enclosed in a mating pool 
is conditioned upon the program user. 
All the sets of material constants are then submitted to binary coding. Within the 
limits of each set one chromosome consisting of three combined with each other 
binary codes is created. Large sets of genes obtained in this way undergo then 
processes of replication, crossing-over and mutation.  

Before the genetic material exchange, the individuals have to be joined in pairs. 
A single individual is randomly chosen from each population enclosed in a mating 
pool. This individual becomes one of the parents in newly created pair. This 
procedure is applied to all the individuals in the mentioned pool. 

In order to accomplish all subsequent genetic operations on material constants 
values in a proper way all coded forms of material constants are remembered as 
sequences of symbols. Function 'strcat' is used to achieve it. The final notation is as 
follows: 

 
CHROMOSOME = STRCAT(C1,C2,K). 

 
It means that binary coded values of subsequent material constants, each of which is 
remembered in a separate matrix row, is recorded now as one sequence of symbol 
constants. According to that, the individual for the following set of material 
constants:  C1=0.0062, C2=0.1308 and K=2, which was initially equal to: 
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is going to have the following form: 
 

=NEWCHROMOSOME_  
[ ][ ][ ][ ].000100000000000111000000101000111100000000001=  

 
The sequences included in the matrix are treated, at this stage of processing, as sets 
of symbols (zeros and ones) only, not as binary codes, and the fact that some of the 
material constants had initially non-integer values is considered again not before 
decoding a new generation obtained as a result of crossing-over. It is made by 
dividing obtained values of particular material constants by 10000. 

The function defining the way of crossing-over, by properly defined cutting 
place, chooses therefore one of the coded values of material constants, which will 
then be cut. Subsequently a place of cutting the chosen sequence of symbols is 
determined, for each individual whose genetic material is supposed to be 
exchanged. Assuming that a chromosome includes l characters and randomly chosen 
cutting point is described by k, the all signs placed on the positions from k+1 to l are 
exchanged between individuals. Using the example of the individual presented 
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before and assuming that the algorithm has randomly chosen the value of k as equal 
to 25, the cutting of the sequence will take place lengthwise the second material 
constant. All gens from the cutting point till the end of the sequence of symbols 
describing the second material constant and all the following sequences are then 
exchanged between individuals. The described process is shown in the following 
scheme: 
 

=NEWCHROMOSOME_  

 
 
The chosen material constant has been marked red and the cutting point blue. 

The next stage of the processing is another conversion of obtained sequences of 
characters into binary codes and decoding newly obtained genotypes. The material 
constants values obtained in this way make it possible to estimate mean squered 
errors of the curves adjustment for a proper model. As a result the estimation of 
correctness and utility of each material model, by confronting obtained results with 
the previous generation, is possible. 
 The whole process can last for any time. The number of generations is chosen by 
a programme user. 
 
3  Results 
 
As a result of implemented method of validation, very promissing outcomes have 
been obtained. The values of mean squered errors characterising best sets of 
material constants and obtained by the algorithm values of C1, C2 and K have been 
tabulated below. 
 

form of volume energy 
in an investigated 

energy-based model 
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0.0102 0.114 2 0.01399 

( )2)( 1−= JKUI
υ 0.0059 0.127 1 0.02592 

( )1ln)( +−= JJJKUII
υ

 0.0050 0.123 1 0.00955 

( )[ ]34
4
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0.0258 0.048 1 0.05819 

( )1ln)( −−= JJKUIV
υ

 0.0288 0.043 1 0.06689 
 

Table 1. Values of mean squared error and material constants obtained for 
investigated energy-based models 
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The figure placed below presents the adjustment of the theoretical curve to the 
experimental one in the whole investigated range of strains for the initial model, 
defined by the Equation (4) on which the whole algorithm was based – Mooney 
model modified by Wegner. 

 

 
 

Figure 1. Comparision of results obtained for Mooney model modified by Wegner 
with experimental data obtained by Treloar 

 
In case of this energy-based model as well as in case of the all other investigated 
models, the differences in adjustment of a theoretical curve to the experimental one, 
that is in MSE values, oscillate between 5 and 8% depending on the chosen number 
of generations, however, these differences decrease with increasing number of 
generations. 

The application of genetic algorithms for this kind of measurements ensures also 
time saving. In comparision to conventional methods, the computation time has 
been reduced by 45% average, in cases of all the investigated models. 
 
 

4  Conclusions 
 
Rubber-like materials can be described in a satisfying way using Mooney model and  
different types of its modification. The basic investigated function on which the 
algorithm was built and which is given by Equation (4) gives one of the best 
obtained results as well as the modified model given by Equation (6) while the 
values of MSE are a chosen measure of adjustment. 
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The algorithm created which uses the mechanism of genetic material exchange 
enables the above mentioned results to be obtained in a much faster way in 
comparison to conventional enumerative methods. 
 
 

References 
 
[1] T. Wegner, ENERGY-BASED METHOD OF MODELING AND CHARTS 

DETERMINATION OF DYNAMIC BEHAVIOR FOR STRONG DUMPING 
MECHANICAL ELEMENTS, FOLLOWED BY AN EXAMPLE OF 
ROTATIONAL-SYMMETRIC HIGH AMPLITUDE VIBRATIONS OF A 
RING MADE OF NEARLY INCOMPRESSIBLE MATERIAL, Polish 
edition, Associate Professors’ Dissertation Series, vol. 323, Academic Press, 
Poznan University of  Technology, 1997. 

[2] T. Wegner, A. Pęczak, “IMPLEMENTATION OF A STRAIN ENERGY–
BASED NONLINEAR FINITE ELEMENT IN THE OBJECT–ORIENTED 
ENVIRONMENT”, Computer Physics Communication, 181, 520-531, 2010. 

[3] M.C. Boyce, E.M. Arruda, “CONSTITUTIVE MODELS OF RUBBER 
ELASTICITY: A REVIEV”,  Rubber Chemistry and Technology, 73(3), 504-
523, 2000. 

[4] T. Beda, Z.Chevalier,  “HYBRID CONTINUUM MODEL FOR LARGE 
ELASTIC DEFORMATION OF RUBBER”, Journal of Applied Physics, 94, 
2701-2706, 2003. 

[5] R.W. Ogden, G. Saccomandi, I. Sgura,  “FITTING HYPERELASTIC 
MODELS TO EXPERIMENTAL DATA”, Computational Mechanics, 34, 
484-502, 2004. 

[6] G. Chagon, G. Marckmann, E. Verron, “ A COMPARISION OF THE HART–
SMITH MODEL WITH ARRUDA–BOYCE AND GENT FORMULATIONS 
FOR RUBBER ELASTICITY”, Rubber Chemistry and Technology, 77(4), 
724-735, 2004.  

[7] E. Pucci, “A NOTE OF THE GENT MODEL FOR RUBBER–LIKE 
MATERIALS”, Rubber Chemistry and Technology, 75(5), 839-851, 2002. 

[8] S. Hartmann, P.Neff, “Polyconvexity of generalized polynomial – type 
hyperelastic strain energy functions for near–incompressibility”, International 
Journal of Solids and Structures, 40, 2767-2791, 2004. 

[9] M. Mooney,  “A THEORY OF LARGE ELASTIC DEFORMATION”,  
Journal of Applied Physics, 11(9), 582-592, 1940. 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG ()
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




