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Abstract 
 
In the paper the problem of static analysis of three-dimensional masonry buildings is 
approached, based on the no tension (NT) assumption of its wall elements. The 
novelty of the method mainly consists of performing a full holonomic plastic 
analysis of the structure, which is decomposed in its structural elements, starting 
from the treatment of the single masonry panel using the NT theory. The proposed 
approach allows a more exhaustive representation of its behaviour with respect to 
the classical POR approach, as well as the inclusion of architraves and tendons in 
the walls. 
 
Keywords: push-over, three-dimensional masonry structures, holonomic-plastic 
behaviour, no tension model. 
 
1  Introduction 
 
For masonry structures, the proneness to disease or collapse is much more 
dependent on the activation of cracking mechanisms than on the probability of 
crushing in compression of masonry [1], thus requiring that the material model 
should include fracturing as an intrinsic pattern for the stress-strain relationships, 
pushing researchers to develop structural mechanics for no-tension (NT) materials 
(see e.g. [2]-[24]). 

Solution stress and strain fields are proven to satisfy classical variational 
principles, like the minimum principles of Complementary and Total Energy 
functionals, respectively on the compatibility and equilibrium side (see e.g. [4] and 
[5]). By implementing the adopted mechanical model and  following solution paths, 
based on the constrained optimisation of the above mentioned energetic functionals, 
practical applications may be successfully developed not only with reference to the 
single masonry monads such as panels, arches and vaults, but also for analysing the 
entire masonry building under static loads, and perform, for example, push-over 
analyses.  
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Extensions can be provided as well for the analysis under quasi-static seismic-
type actions, when the masonry structure exhibits some overall ductility properties, 
possibly entering a kind of plastic phase and developing hysteretic cycles. 
This feature is pretty important for the forecast and design of possible control [25]-
[28] applications for the protection of monumental buildings, which appear 
especially useful in the absence of the environmental forecast [29]-[30]. 

The approach offers some clear advantages with respect to frame equivalent 
based methods usually adopted in the professional practice, since the initially 
performed NT analyses of the walls allow to treat them as a whole, also including 
elements such as architraves possibly present on the doorways or openings, which, 
on the contrary are not considered in the POR. Moreover some strength in the cross 
direction of the wall can also be accounted for by the assumption of an elliptical 
resistance domain. 

Finally also collapse mechanism related to the overturning of the wall can be 
considered, which are absent in the usually adopted approaches.     
 
2  The reference 3D masonry model 
 
The reference model is represented in Figures 1 and 2. It consists of a 3D 1-storey 
masonry structure with a rigid floor slab, four perimeter walls and a further internal 
wall.  

A monotonically increasing static load, expressed by two vector components  
along the two coordinate axes, is assumed to act on the considered 1-story frame  for 
the push-over analysis.  

In the considered model, the Lagrangian coordinates are the two components of 
floor rigid translation, u(t) and v(t), that can be identified in the displacement 
components of the reference frame origin point G, and the xy-axes rotation φ(t). 

Treating the masonry walls as shown in the following Section 3, under the 
standard No Tension assumption on the masonry behaviour, the walls can be shown 
to exhibit an overall ductility of the type depicted in Figures 3 and 4, which can be, 
more simply, approximated by the bi-linear dashed diagram.  

 

 

Figure 1: Reference 3D masonry model. 
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Figure 2: Plant of the 3D masonry model with the static load components 
monotonically increasing according to the parameter t. 

 
 

Therefore one may assume a kind of elastic-perfectly-plastic behaviour with 
indefinite ductility for the walls, denoting by Txi, Tyi the components of the shear 
absorbed by the i-th wall, by Toxi, Toyi its limit shears and by kxi, kyi its stiffnesses.  
 
 
 
 
3 Theoretical approach to the analysis of planar masonry 

structures 
 
Under the standard no tension (NT) material assumption [1], the analysis of the 
walls of a three-dimensional masonry model can be successfully carried on by 
developing finite elements models [2]-[24] and adopting optimisation (stress or 
strain) procedures [31], deriving from the implementation of the basic variational 
methods extended to NT models. 

When considering the single NT panel loaded by in-plane forces, its discrete 
model can be adopted with a mesh assembled by constant stress/strain elements. 

In the proposed approach one performs a complete discrete NT analysis of the 
panel under the active forces, which in the specific case of push-over analysis are 
assumed of static type and monotonically increasing, and imposes wither the 
compatibility equations between the elements’ elastic and fracture strains and the 
nodal displacements, or the equilibrium conditions between elements’ stresses and 
nodal loads. 

Some constraints to the problem derive from the adopted NT hypothesis. First of 
all, the compatibility requires that the additional fracture field does not admit 
contraction in any point and along any direction, thus implying that the fracture 
strain field is positive semi-definite. Moreover purely compressive stresses are 
activated at any point of the body, which implies the negative definition of the stress 
tensor all over the body. 
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Figure 3: Typical force-displacement F-δ diagrams in masonry panels subject to 
an horizontal action. 
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Figure 4: Typical force-displacement F-δ diagrams in masonry panels subject to 
an horizontal action. 

 
 
 

As regards to NT panels loaded by in-plane forces the displacement approach 
appears the more convenient one.  

Therefore the solution displacement and fracture strain fields can be searched for 
as the constrained minimum of the Total Potential Energy (TPE) functional, under 
the NT admissibility condition, which imposes that the fracture field is positively 
semi-definite at any point. 

By performing numerical simulation on masonry panels with different openings 
and geometric characteristics, one can observe an overall behaviour of the panel of 
the type illustrated in Figures 3 and 4, thus resulting in an overall ductility of the 
panel, which, more simply, can be approximated by the bi-linear dashed diagram. 

This allows to set up the static analysis even of 3D masonry buildings by 
adopting the fully holonomic-plastic equations, like it is performed in the following 
Section 4, where the numerical investigation results are reported for the considered 
3D NT model. 
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4  Numerical results of push-over analysis 
 

According to what considered in the previous Section 3, the analysis of the NT 3-
degrees of freedom model shown in Figures 1 and 2, by means of fully holonomic-
plastic relations, as mentioned in Section 2, is implemented in an ad-hoc set up 
calculus code, and the numerical investigation is developed under static load.  

A static forcing action inclined of 45° with respect to the reference system, 
composed by two static loads fx(t), fy(t) monotonically increasing  with the parameter 
t with final value  T=12 and steps of Δt=0.02, is considered for executing the push-
over analysis (Figure 2). 

The final value attained by each force component is equal to 48917 kg. 
For simplicity, the plasticity domain of each masonry wall of the 3D model is 

assumed to have an elliptical shape, with the principal axes parallel to the edges of 
the panel cross-sections in plant. 

As regards to the 3D model, the floor has been assumed to be organized in such a 
way to transmit a vertical uniformly distributed load of approximately 500 kg⋅m-2 . 

The geometric and mechanical characteristics of the walls as numbered in Figure 
2 are reported respectively in Table 1, where, with reference to the i-th wall, xi , yi,  
denote the position of its barycenter with respect to the reference system, λi its 
longitudinal dimension, si  its thickness, Toxi , Toyi denote its limit shears and kxi, kyi 
its stiffnesses. 
 

Wall 
“i” 

xi 
(cm) 

yi 
(cm) 

λi 
(cm) 

si 
(cm) 

Toxi   

 (kg) 
Toyi    
(kg) 

kxi   

(kg⋅cm-

1) 

kyi  

 (kg⋅cm-

1) 
1 -500 0 500 40 860 10833 945 57000 
2 0 250 1000 40 21666 1720 114000 1889 
3 500 0 500 40 860 10833 945 57000 
4 0 -250 1000 40 21666 1720 114000 1889 
5 -250 -125 250 40 430 5416 472 28500 

 

Table 1: Geometric and mechanical characteristics of the walls of the 3D model. 
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Figure 5: Barycenter u-component displacement (cm) 

vs the force increment parameter t. 
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Figure 6: Barycenter v-component displacement (cm) 
vs the force increment parameter t 

 
In Figures 5, 6 and 7 the generalized displacement components of the frame 

barycenter, u(t), v(t) and φ(t) are reported vs the time variable t. 
In Figures 8 and 9 the forcing actions adopted for the simulations vs the relevant 

axis displacement components are depicted, in order to check the collapse condition 
and the limit load. 
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Figure 7: Floor  rotation φ (°) vs the force increment parameter t. 
 
 

5  Conclusions 
 
In this paper the push-over analysis of spatial masonry building is performed by an 
original approach, accounting for the NT behaviour of the single masonry panels, 
and basically implementing the overall holonomic-plastic relations of the structure. 
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Figure 8: Forcing action x-component (kg) vs u-displacement (cm) component. 
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Figure 9: Forcing action y-component (kg) vs v-displacement (cm) component. 
 

The performance of the proposed approach overcomes usual POR analyses: a 
more complete representation of the single wall behaviour is allowed, also including 
possible overturning; no need emerges of selecting single parts of the masonry panel 
between its openings, but it is treated as a whole; different members like architraves, 
tendons and reinforcements may be included; extension for dynamic analysis may 
be performed.  
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