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Abstract

Consideration is given to determining the exact natural frequencies and modes of
vibration of a class of structures comprising two parallel members with uniform
distribution of mass and stiffness, which have independent properties and which are
linked to each other, and possibly also to foundations, by uniformly distributed
elastic interfaces of unequal stiffness. The formulation is general and applies to any
structure in which the motion of the component members is governed by a second
order linear differential equation. Closed form solution of the governing differential
equations leads either to an exact dynamic stiffness matrix or to a number of exact
relationships between the natural frequencies corresponding to coupled and
uncoupled motion. An appropriate form of the Wittrick-Williams algorithm 1is
presented for converging on the required natural frequencies to any desired
accuracy. Examples are given to confirm the accuracy of the approach and to
indicate its range of application.

Keywords: exact dynamic stiffness matrix, Wittrick-Williams algorithm, elastically
supported structures.

1 Introduction

The dynamics of a family of simple, but extremely useful structural elements is
governed by a linear second order differential equation. This equation allows for the
uniform distribution of mass and stiffness and enables the motion of strings and
shear beams, together with the axial and torsional motion of bars to be described
exactly. As a result, each member type in this family has been treated exhaustively
when considered as a single member or when joined contiguously to others, e.g. Rao
[1]. However, when such members are linked in parallel by uniformly distributed
elastic interfaces, their complexity becomes significantly more intractable and it is



this class of structures that has led to renewed interest and which forms the basis of
the work that follows.

Spring-mass systems generally have been at the heart of structural dynamics for
many years and their synthesis and analysis has been the subject of considerable
interest [2-4]. Over time, extremely complex systems have evolved and much
research effort has been expended. However, relatively little work has been
undertaken on the class of structures considered herein. Perhaps most interest has
been directed towards double string systems, which have attracted a number of
authors [5-8], as have the problems associated with the longitudinal motion of spring
linked bars [9-12], although the torsional vibration problem has seen less activity
[13-14].

The theory developed in Section 2 of this paper establishes a unified approach to
solving the class of spring-linked structures described above. Initially, differential
equations governing the coupled motion of the system are developed from first
principles. A common solution procedure then leads either to an exact dynamic
stiffness matrix (exact finite element) or to a series of exact relational models that
link the uncoupled frequencies to the coupled ones that stem from them. Both forms
of solution therefore represent alternative ways of implementing precisely the same
theory and can be used interchangeably with identical solution accuracy, depending
on the most efficient way to solve the problem in hand. A brief assessment of their
relative merits is given below.

The exact dynamic stiffness approach enables all the powerful features of the finite
element method to be utilized and hence enables structures with piecewise uniform
members and distributed elastic connections to be modelled and analysed with nodal
masses, cross-stiffnesses, elastic supports and any combination of classical or non-
classical boundary conditions. The corresponding modes of vibration are then easily
recovered by any of the well established methods, such as [15]. Furthermore, an
appropriate formulation of the Wittrick-Williams algorithm is given, which
guarantees that any desired frequency can be calculated to any desired accuracy with
the certain knowledge that none have been missed.

The relational approach, on the other hand, enables all the natural frequencies of
the coupled system to be determined from a knowledge of any single uncoupled
frequency of one of the two component members. Under certain conditions, not
considered here, the theory can be extended to cover stepwise uniform members
[16]. The approach thus enables ‘back of the envelope calculations’ to be
undertaken quickly and efficiently. In connection with this, it should be noted that
the member theory has been developed in the context of two linked shear beams.
This leads directly to the possibility of using well established simplification
procedures that reduce multi-bay, multi-storey sway frames to equivalent one bay
frames and then to simpler global models that can often retain sufficient accuracy for
preliminary analysis and design procedures [17-19].

Finally it is shown how the presented theory can be extended to cover systems
comprising three or four spring-linked parallel members in which the structure
modelled is symmetric about an axis parallel to the members. The paper is
concluded with a number of examples that confirm the accuracy of the proposed
method and indicate its range of application.



2  Theory

2.1 Dynamic stiffness matrix

The equations of motion for the general two member, spring supported system
shown in Figure 1 are initially developed in the context of two shear beams.
Transformation to other systems, in which the motion of the members is also
governed by a second order, linear differential equation is given in the Appendix.
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Figure 1. Positive sign convention for the instantaneous forces and displacements
associated with a typical elemental length of the spring linked members in local co-
ordinates.

The required equations of motion for the system of Figure 1 are then easily shown
to be



2
a_cil_(lﬂ +hy)v, +hkyv, =m, aat‘? (la)
0 o*v
Crhoy (ks k), =my (1b)

where ¢ 1is the shear force, m is the mass / unit length, £ is the stiffness / unit

length of an elastic interface and the subscripts refer to the respective components
shown in Figure 1. Imposing the assumption of harmonic motion and introducing
the non-dimensional parameter, & = x/ L, the constitutive relationships and Egs.(1)

can be written, respectively, as

dv, )
0 = riLd—é i=12 (2)
and
rm:o 0
VZ
where

+¢ k,/
rzr'¢ 2”};T=D2=f/ﬁ% b=yia -k +k)/n;
kylr, t+y

w=yi0" —(k, +ky)/r,;and fori=12 y} =m, /7, r, =k'AG, / L’ , wherek'is the
shear coefficient, k'AG, is the effective shear rigidity; and @ is the circular
frequency.

Equation (3) can be combined into one equation by eliminating ¥, or V, to give
the fourth order differential equation
ICw =0 (4a)
in which W=V, or V,.

The general solution of Eq.(4a) is found by substituting the trial solution
W = Ae** to yield the characteristic equation

Irj=0 (4b)

in which 7 = s?.

It is easy to show that the discriminant of the frequency equation stemming from
Eq.(4b) is always positive and hence that the two roots, s; and s, , can be real or

imaginary, but not complex. The three possible combinations of roots are thus
shown in Table 1, where « and £ are real, positive values to be determined. The

values of J, and J, are required in Eq.(19) and int( ) is the highest integer less
than the bracketed term.



Case | 57 | s | a b C,: A Ch S 4 J, J,

1 |ad® | Bf° | -1 | =1 | cosal | sinal | cospé | singé | int(ax) | int(Bn)
ao’ bﬁz -1 1 cosaé sinad | coshfé | sinhf¢E | int(o/w) 0
3 |ad | B | 1 1 | cosha& | sinhaé | coshfé | sinhfé 0 0

Table 1. Possible combinations of the roots of the characteristic equation stemming
from Eq.(4b).

Hence the general solution to Eq.(4a) can be written for each case as

W=A4C, + 4,5, + 4,Cp + 4,5 (5)
Since W =V, or V, from Eq.(4a), Eq.(5) yields

Vi=AC, + 4,5, +A4,Cp + 4,8y (6a)
and

V,=BC,. +B,S,. +B,Cy. +B,S, (6b)

where A4, and B, (i=1,2,...,4) are independent sets of constants. Substituting
Eqgs.(6) into Eq.(3) yields the following relationships between the constants

B, =nAd,, and B, = 1A, , (7
where
n=-r(p+aa’)k,=—k,/r,(y +aa’) (8a)
and
pu=-r(¢+bp*) ky =—k,/r,(y +bp*) (8b)
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Figure 2. Positive sign convention for amplitudes of the nodal forces and
displacements in (a) local; and (b) member co-ordinates.

The nodal displacements then follow from Egs.(6)-(8) in the member co-ordinate
system of Figure 2, as follows



when =0, V,=V, (i=1,2) and when =1, V, =V, (i=1,2) 9)
which leads to

d =sc (10)
where
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I is the unit matrix, C,, Cy, S, and S, are respectively, Coe> Cpes Sy and
Sy wheng =1. (11)

In similar fashion, the general expressions for the corresponding force vector are
established by substituting Eqs.(6)-(8) into Eq.(2) to give

0 = _A1a771Sa§ - A2771Ca§ - A3b/"1Sﬂ§ - A4/"1Cﬁ§ (12a)
and
0, = _A1a7725a§ - Azﬁzcag - A3bﬂzSﬁ§ - A4,U2Cﬂ¢ (12b)
where
m=-naLl, mn,=-nnal, p=-npL and p, =-nupL (13)

The nodal forces then follow from Egs.(6)-(8) in the member co-ordinate system of
Figure 2, as follows

when £=0, Q,=-0, (=1,2) and when £=1, O, =0, (=1,2) (14)

which leads to
p=sc (15)
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and the remaining variables are defined in Eq.(11) above. The member dynamic
stiffness matrix can then be developed from Egs.(10) and (15) as

where



k=s's" (17)

The symmetric elements of k can be stated symbolically using the normal row and
column subscripts as

kyy = ksy = (unS,Cp —um C,S,)/ A; kyy =k =(,CoSp —145,Cp) 1 A
k= (,U771Sﬁ —unS,) A; ki =kyy =S, —7715/;)/4‘
ky =ky =0,C,S,; —11,8,Cp)/ A, kyy = (1,8, —1,85)/ A
A=(u-mS,S, (18)

Since a component member has only one translational degree of freedom at each
node, the boundary conditions are easily modelled using lateral springs that offer a
complete spectrum of support from free to fully clamped conditions. The stiffness
matrix itself can be used in the normal way to form a series of piecewise uniform
spring linked structures, for which exact natural frequencies can be converged upon
to any required accuracy using the Wittrick-Williams algorithm described in the
following Section. The mode shapes then follow directly using any appropriate
method, such as that described in [15].

2.2 Formula for the Wittrick-Williams root counting algorithm

The Wittrick-Williams root counting algorithm has been available for well over
thirty years and the following formula can be established easily from many sources,
such as reference [20]. In the current notation, it states that the number of coupled

natural frequencies passed by a trial frequency, @", is given by

Jo )= S, +7,)+sK} (19)

members

where J, and J, are given in Table 1 and s{K} is the sign count of the dynamic

structure stiffness matrix, which is equal to the number of negative elements on the
leading diagonal of the upper triangular matrix obtained from K, when o =", by
the standard form of Gauss elimination without row interchanges.

3 Relational formulation
3.1 k1= k2= k3=0

It is clear from Eq.(3) that when &k, =k, =k, =0, the two shear beams in Figure 1

are uncoupled and subjected only to the boundary conditions at their respective
nodes. Assuming that the boundary conditions are the same for each member,
Eq.(4a) yields their uncoupled natural frequencies when
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and o,, and w,;, are the i-th uncoupled natural frequencies of members 1 and 2,

respectively. Eqgs.(20) and (21) then lead to the following relationship between the
frequencies of the two members

6052 = a)iz,l 7/12 /722 (22)
It is important to note here that for each of the two members taken in turn, it is
easy to show [16] that the relationship between its i-th and (i + p)-th natural

frequency is given by
o o) =i’ l(i+p)’ (23a)

i,j i+p,j
when the member has fixed / fixed or free / free boundary conditions and

> o> =2i-1)2 /23 + p)-1)° (23b)

i,j i+p.J

when the member has fixed / free boundary conditions. In turn these equations lead
to the following relationship

2 2
o,/ Wi pi

=,/ o (24)

i+p,2

3.2 k,= 0andeither k; and/or k; >0

For this case, Eq.(19) remains valid, but with
ﬂ“ij :a)%jk%z‘ _ij—l/rj Jj=12 (25)

1

where o, ;, (j =1,2) is the i-th natural frequency of the uncoupled, spring supported
members, and leads to the following relationship

a)i2,2k:(a)flkylz_kl/rl+k3/r2)/7/22 (26)
Furthermore, using Eqs.(21) and (25) in Eq.(20) yields

2 2 2 2 2 2
o =0, +k Ty and O, =0,k Y, (27a,b)



3.3 k,>0 and either k; and/or k; > 0

For this case, Eq.(4a) is satisfied when
(D> + @2y = (k, + k) [ 1, \D? + @y —(ky + k) 15 )=k [ 1y =0 (28)

where @ corresponds to the coupled natural frequencies of the system. However,
substituting Eqgs.(25) in Eqgs.(20) gives

k /1, =D+ a)flkyf and ky/r,=D*+a},7; (29a,b)

Substituting Eqs.(29) into Eq.(28) and re-arranging gives

o' +bw’ +c=0 (30)
where
b:_(wiz,lk+a)z%2k+k2/712”1+k2/722r2) (31a)
and
c= a)iz,lka)iz,Zk + a)iz,lka /]/221’2 + a)i2,2kk2 /7/12r1 (31b)

After some manipulation, the discriminant of Eq.(30) can be written as
D’ = (a)iz,lk _a’fzk +k, /712’"1 -k, /}/227’2)2 +4k22 /712’”1722’"2 (32)

Since both D” and ¢ are clearly always positive, the roots of Eq.(30) are both real
and positive. Finally, substituting Eqs.(22) and (27) into Egs.(31) gives

2w?

i,je

i[(wf](hz _712)/7/22 + (k, +k2)/7127'1 — (k, +k3)/72272)2 +4k22/712r1722r2]1/2 (33)

:wfl(sz+712)/722+(k1+k2)/712’”1+(k2+k3)/722’"2)

where @, . j=1.2 i=1,2,3... arethe two coupled frequencies stemming

from the i-th uncoupled frequency of one of the shear beams. Since Eqs.(23) and
(24) relate the i-th uncoupled frequency to any other uncoupled frequency, every
coupled frequency of the system can be developed from the knowledge of a single
uncoupled frequency.

4 Alternative structural models

It is clear that the theory of the preceding sections can be applied to find the natural
frequencies of single and double beam systems merely by assigning appropriate
numerical values to the member and spring data. However, the same theory can be
extended to cover three and four beam systems when they are symmetric about a



parallel East-West axis, since in this case the motion can only be symmetric or anti-
symmetric about the axis. The required results are thus obtained by considering
only the half structure to the north of the axis, imposing firstly symmetric (S) and
then anti-symmetric (A) boundary conditions in turn along the axis and in each case
assigning appropriate values to certain parameters, as shown in Figure 3 and Table
2.
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Figure 3. Structure to the north of the East — West line of symmetry: (a) three beam
system and (b) four beam system.

System Mode Parameter
k3 my r
3 beam S o0 0 o0
A 0 my /2 1y /2
4 beam S 2k original original
A 0 original original

Table 2. Imposed parameter values for solving three and four beam symmetric
systems using the theory of Section 2. All parameters retain their original values
apart from those defined above.

5 Examples

Four examples are given that confirm the correctness and accuracy of the approach,
while also giving an indication of its range of application.
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5.1 Example 1

Consideration is given to the problem of two different, but parallel, taut strings of
length 1 m that are linked by an elastic interface of stiffness £ = 200 N/m per metre
length. Five different combinations of mass/unit length and string tension, as
defined in Table 3, are computed using Eq.(18) and the results compared with those

of reference [6] in Table 4. See the Appendix for equivalent string parameters.

Data Member properties

Set . .

No. String 1 String 2

Mass/unit length Tension Mass/unit length Tension
kg/m N kg/m N

| 0.01 50.0 0.005 50.0
2 0.01 50.0 0.01 50.0
3 0.01 50.0 0.005 100.0
4 0.01 50.0 0.01 100.0
5 0.01 50.0 0.02 100.0

Table 3. Member data for the five string systems considered by Onisczcuk [6].

Data Frequency No.
Set 1 2 3 6
No. Ref. [6] | Eq.(18) | Ref.[6] | Eq.(18) | Ref.[6] | Eq.(18) | Ref. [6] | Eq.(18)
Synchronous
1 243.5 243465 | 4624 | 462355 | 680.0 | 680.011 | 1340.2 | 1340.18
2 221.1 222.144 | 4443 | 444288 | 666.4 | 666.432 | 1332.9 | 1332.86
3 254.4 254392 | 465.0 | 464.853 | 680.8 | 680.838 | 1340.3 | 1340.29
4 2495 249520 | 464.1 | 464.097 | 680.6 | 680.613 | 1340.3 | 1340.26
5 222.1 222.144 | 4443 | 444288 | 666.4 | 666.432 | 1332.9 | 1332.86
Asynchronous
1 385.7 385.706 | 662.1 | 662.121 | 964.4 | 964.356 | 1895.7 | 1895.65
2 298.9 208911 | 4872 | 487.229 | 6958 | 695.796 | 1347.8 | 1347.79
3 492.0 491960 | 911.5 | 911.522 | 1348.0 | 1348.01 | 2673.3 | 2673.25
4 354.7 354.660 | 645.6 | 645.593 | 953.5 | 953.500 | 1890.3 | 1890.31
5 281.7 281.688 | 4769 | 476.857 | 688.6 | 688.573 | 1344.1 | 1344.07

Table 4. Comparison between the natural frequencies (rad/sec) given by Onisczcuk
[6] and those from the theory presented for the data given in Table 3. Onisczcuk’s
result of 221.1 in column 2 should be 222.1 by comparison with the result of Data

Set 5, since doubling one member’s stiffness and mass leaves the frequency

unaltered.
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5.2 Example 2

This example compares Onisczcuk’s results [6] for data set 3 of Table 3 above, with

those obtained from the stiffness and relational matrices presented herein.

uncoupled results are included for hand confirmation.

The

Freq. Coupled frequencies Uncoupled frequencies
No. (rad/sec) (rad/sec)
i
Ref[6] | Eq.(18) Eq.(33) Eq.(20) Eq.(22)
Wi ic Wi2c Wi Wi Wi
| 25448 254.392 254.392 (1) 491.960 (3) 222.144 | 444.288 | 444.288
2 465.0S | 464.853 | 464.853(2) | 911.522(6) | 444.288 | 888.577 | 888.577
3 492.0 A | 491.960 680.838 (4) 1348.01 (9) 666433 | 1332.87 | 1332.87
4 680.8S | 680.838 | 899.574(5) | 1788.47(12) | 888.577 | 1777.15 | 1777.15
5 899.6S | 899.574 | 1119.59(7) | 2230.48(15) | 1110.72 | 2221.44 | 2221.44
6 | 911.5A | 911.522 | 1340.29(8) | 2673.25(18) | 1332.87 | 2665.73 | 2665.73
7 1119.6 S | 1119.59 1561.39 (10) | 3116.46(21) | 1555.01 | 3110.02 | 3110.02
8 13403 S | 1340.29 1782.75 (11) | 3559.94 (24) | 1777.15 | 355431 | 355431
9 1348.0 A | 1348.01
10 - 1561.39
11 - 1782.75
12 1788.5 A | 1788.47

Table 5. Comparison of results for data set 3 of Table 3 above. The modal shapes
are indicated by S and A, where S = Synchronous and A = Asynchronous. The
coupled frequency number is given in brackets and the table clearly shows that the
eigenpairs in columns 3 and 4 do not yield sequential coupled frequencies.

5.3 Example 3

This example solves the symmetric three beam and four beam systems depicted in
Figure 3. The beam and spring data for both systems are the same and given in
Table 6. These values must be modified according to Table 2 to achieve the
required results, which are given in Table 7.

Beams Springs
Length Mass / unit Shear ki ky ks
length rigidity
m kg/m N N/m’ N/m’ N/m*
8.0 90.0 6.0x10" 1.0x10° 1.0x10° 1.0x10"

Table 6. Beam and spring data for Example 3.
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System Natural Frequencies (rad/sec)
3 Beam 4 Beam
Anti-symmetric Symmetric Anti-symmetric Symmetric
5.14145 (1) 6.15827 (2) 5.12287 (1) 6.11289 (2)
7.70806 (3) 15.6058 (5) 6.96375 (3) 15.5879 (5)
15.2332 (4) 25.5886 (8) 15.2270 (4) 16.1119 (7)
16.2798 (6) 35.6598 (11) 15.9408 (6) 21.5687 (8)
25.3631 (7) 45.7612 (14) 25.3593 (9 25.5777 (10)

Table 7. Natural frequencies (rad/sec) for the three and four beam systems shown in
Figure 3, whose data are given in Table 6. The coupled frequency number is given
in brackets.

5.4 Example 4

The final example considers the structure indicated in Figure 4. It comprises a
piece-wise uniform, stepped shear beam that is suspended by a stepped elastic
interface from a uniform taut string that also carries two point masses. The string is
supported at each end by a single nodal spring and across its central portion by an
elastic interface. The structure can be envisaged as three collinear segments, each of
which can be modelled by an exact finite element developed from Eq.(18). Once the
global dynamic stiffness matrix has been established, the nodal stiffnesses and point
masses can be added in the usual way. The data for each segment are given in Table
8 and the first ten natural frequencies of the structure are given in Table 9.

L LI L
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Figure 4. A contrived structure to indicate the range of application of the proposed

theory.
Segment | Member | String String Beam Shear ki k> ks
No. Length | mass/ | tension | mass/ | rigidity
length length
m kg/m N kg/m N N/m’ N/m® | N/m?
1 3.0 10.0 | 2.0x10° | 60.0 | 5.0x10* 0.0 1.0x10° | 0.0
2 2.0 10.0 | 2.0x10° | 90.0 | 8.0x10* | 2.0x10° | 5.0x10* | 0.0
3 3.0 10.0 | 2.0x10° | 70.0 | 6.0x10* 0.0 1.0x10° | 0.0

Table 8. Member and elastic interface data for the structure shown in Figure 4. The
values of K;, Kz, M; and M, are 1.0x10" N/m, 2.0x10* N/m, 2.0x10* kg and 2.5x10* kg,
respectively.
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Natural
frequency 1 2 3 4 5
No.

Frequency

2.26521 4.05080 4.42246 12.5842 17.3593
(rad/sec)

Natural
frequency 6 7 8 9 10
No.

Frequency
(rad/sec)

17.7284 21.9757 27.4831 29.6695 30.4288

Table 9. The first ten natural frequencies (rad/sec) of the structure shown in
Figure 4.

6 Summary and Conclusions

Consideration has been given to determining the exact natural frequencies of a class
of structures comprising two parallel members with uniform distribution of mass
and stiffness, which have independent properties and which are linked to each other,
and possibly also to foundations, by uniformly distributed elastic interfaces of
unequal stiffness.

The approach differs from all previous work in three distinctly different ways.
Firstly, it is based on an exact dynamic stiffness approach. This is important
because, at the heart of any exact solution procedure for this type of structure, it is
necessary to solve a transcendental eigenvalue problem. Currently this can only be
achieved exactly by using an exact dynamic stiffness formulation in conjunction
with the Wittrick-Williams algorithm, in which the latter enables any required
eigenvalue to be converged upon to any desired accuracy with the certain knowledge
that none have been missed. Secondly, a comprehensive set of inter-relationships
between the natural frequencies of the component elements comprising the structure
have been formulated for the first time using a simple and novel procedure. Finally,
the theory has been developed in the context of two linked shear beams. This has
not been done previously and leads directly to the possibility of using well
established simplification procedures that reduce multi-bay, multi-storey sway
frames to equivalent one bay frames and then to simpler global models that can
often retain sufficient accuracy for preliminary analysis and design procedures.

References

[1] S. S. Rao, “Vibration of Continuous Systems”, John Wiley and Sons, New
Jersey, 2007.

[2] F. Y. Chen, “On Evaluation of Natural Frequencies for a System of Equal
Inertias and Equal Spring Stiffnesses”, Transactions of the ASME, Journal of
Applied Mechanics, 646-647, 1969.

14



[6]

[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

F. Y. Chen, “On Degeneracy of Eigenvalues and Recursive Solution of
Symmetrically Coupled Dynamic Systems”, Transactions of the ASME,
Journal of Applied Mechanics, 37, 1180-1182, 1970.

F. Y. Chen, “On Modeling and Direct Solution of Certain Free Vibration
Systems”, Journal of Sound and Vibration, 14(1), 57-79, 1971.

Z. Oniszczuk, “Transverse Vibrations of Elastically Connected Double-
String Complex System, Part I: Free Vibrations”, Journal of Sound and
Vibration, 232(2), 355-366, 2000

Z. Oniszczuk, “Transverse Vibrations of Elastically Connected Double-
String Complex System, Part II: Forced Vibrations”, Journal of Sound and
Vibration, 232(2), 367-386, 2000.

Z. Oniszczuk, “Damped Vibration Analysis of an Elastically Connected
Complex Double String System”, Journal of Sound and Vibration, 264, 253-
271, 2003.

J. Rusin, P. Sniady, P. Sniady, “Vibrations of Double-String Complex
System Under Moving Forces. Closed Solutions”, Journal of Sound and
Vibration 330, 404-415, 2011.

Q.S. Li, G.Q. Li, D.K. Liu, “Exact Solutions for Longitudinal Vibration of
Rods Coupled by Translational Springs”, International Journal of Mechanical
Sciences, 42, 1135-1152, 2000.

S. Kukla, J. Przybylski, L. Tomski, “Longitudinal Vibration of Rods Coupled
by Translational Springs”, Journal of Sound and Vibration, 185(4), 717-722,
1995.

H. Erol, M. Gurgoze, “Longitudinal Vibrations of a Double-Rod System
Coupled by Springs and Dampers”, Journal of Sound and Vibration, 276,
419-430, 2004.

H-P. Lin, S-C Chang, “Free Vibrations of Two Rods Connected by Multi-
Spring-Mass Systems”, Journal of Sound and Vibration, 330, 2509-2519,
2011.

C.N. Bapat, N. Bhutani, “General Approach for Free and Forced Vibrations
of Stepped Systems Governed by the One-Dimensional Wave Equation with
Non-Classical ~Boundary  Conditions”, Journal of Sound and
Vibration,172(1), 1-22, 1994.

S.A. Nayfeh, K.K. Varanasi, “A model for the damping of torsional vibration
in thin-walled tubes with constrained viscoelastic layers”, Journal of Sound
and Vibration, 278, 825-846, 2004.

W.P. Howson, “A Compact Method for Computing the Eigenvalues and
Eigenvectors of Plane Frames”, Advances in Engineering Software, 1(4),
181-190, 1979.

W.P. Howson, B. Rafezy, “ Natural Frequencies of Axial-Torsional Coupled
Motion in Springs and Composite Bars”, Journal of Sound and Vibration,
330(15), 3636-3644, 2011.

W.P. Howson, “Global Analysis: Back to the Future”, The Structural
Engineer, 84(3), 18-21, 2006.

W.P. Howson, F.W. Williams, “A Unified Principle of Multiples for Lateral
Deflection, Buckling and Vibration of Multi-Storey, Multi-Bay Sway

15



Frames”, in “Proc of the Second International Conference on Advances in
Steel Structures”, Elsevier, Oxford, Vol 1, 87-98, 1999.

[19] B. Rafezy, W.P. Howson, ‘“Natural Frequencies of Plane Sway Frames: An
Overview of Two Simple Models”, in “Proceedings of the International
Conference on Computational and Experimental Engineering and Sciences”,
Tech Science Press, Duluth, Georgia, USA, Paper 339, 2003.

[20] W.P. Howson, F.W. Williams, “Natural Frequencies of Frames With Axially
Loaded Timoshenko Members”, Journal of Sound and Vibration, 26(4), 503-
515, 1973.

Appendix
The foregoing theory governs the spring-linked motion of strings, shear beams and

the axial and torsional motion of bars, or any appropriate combination of these,
when the relevant member properties are selected from Table A below.

Member type Motion Member properties
Shear beam Lateral m k'AG
String Lateral m T
Axial m EA
Bar torsional r,m GJ

Table A. Corresponding member properties list. m is the mass / unit length, r,1s

the radius of gyration, T is the string tension and k'AG, E4 and GJ are the shear,
axial and torsional rigidities, respectively.
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