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Abstract 
 
In this study, a new approach is developed for extracting elastic-plastic material 
properties from the indentation loading-unloading curves by using different indenter 
geometries (conical and Vickers indenters) and different indenter angles (60° and 
70.3°). Mathematical functions that fit the loading-unloading curves are introduced 
and a MATLAB nonlinear least square routine with practical equality and inequality 
constraints is used to extract the elastic-plastic material properties based on the best 
fit between the target load-displacement curve, obtained using finite element (FE) 
analysis, and the predicted optimized curves. In order to obtain the accurate 
optimized results, intermediate ‘focus tests’ are introduced and the optimized results 
are shown to be in good agreement with the target values.  
 
Keywords: indentation, optimization, elastic-plastic properties. 
 

1 Introduction 
Indentation testing is a successful technique for measuring hardness and elastic 
properties from loading-unloading force-displacement curves. The instrumentation 
of indentation tests and the analysis of the resulting data have been extensively 
developed in the last two decades.  In previous work, the authors have focused on 
the evaluation of elastic-plastic material properties based on dimensional analysis [1] 
and FE simulations [2]; both methods are based on non-linear optimization 
techniques. However, extensive computational times are required for the FE 
analyses due to the fact that the optimization procedure is based on iterative FE 
computations [2]. Since the characteristic indentation loading-unloading response 
can be described by dimensional analysis [1], more simplified approaches which do 
not require iterative FE analyses can be devised to obtain the elastic-plastic 
mechanical properties from experimental loading-loading curves, based on the 
optimization technique.  
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The objective of this study is to present an improved approach for extracting the 
elastic-plastic material properties from the indentation loading-unloading curves. 
Based on the Olive-Pharr method [3], the complicated mathematical equations based 
on dimensional analysis can be simplified. The mathematical functions involve 
material parameters (Young’s modulus, yield stress and post-yield work hardening 
exponent). The simulated target load-displacement curves using different indenter 
geometries (conical and Vickers indenters) and different indenter angles (60° and 
70.3°) can be obtained from FE analysis. For predicting the sets of material 
properties from the loading-unloading curves, a MATLAB nonlinear least square 
routine with practical equality and inequality constraints [4] is used to produce the 
best fit between the simulated target load-displacement curve and the predicted 
optimized curves.  
 
 

2 Framework of Analysis  
A typical loading-unloading curve of an elastic-plastic material subjected to an 
instrumented sharp indentation is presented in Figure 1. 

 

 

 

 

 

 

 

 

 

Figure 1 Typical load-displacement curve of an elastic-plastic material subjected to a 
sharp indentation. [3] 

 

The loading portion of the curve can be described by Kick’s Law [3], i.e. 

2P Ch=                                                         (1) 

where C is the loading curvature which is a related to the geometry of the indenter 
tip and the material properties of the test material. The maximum applied indenter 
displacement, mh , occurs at the maximum load,  mP , rh  is the final residual depth 
after the indenter is completely removed and the initial unloading slope can be 
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expressed by  
m

u

h

dP
S

dh
= , where uP  is the unloading load. The hardness of a material 

can be determined from the maximum load and the elastic modulus can be 
determined from the initial part of the unloading curve, referred to as the contact 
stiffness. From the unloading data, the contact area and the plastic depth of 
penetration can be obtained. Therefore, the unloading stiffness is the most 
significant part of an indentation load-displacement loop since it is significantly 
dependent on the elastic properties of the materials. Oliver and Pharr [3] observed 
that the unloading curve is usually well represented by a power law fit as follows: 

m
rP A(h h )= −                                                     (2) 

S =
maxh h

dP
dh =

⎛ ⎞
⎜ ⎟
⎝ ⎠

= m 1
max rAm(h h ) −−                                     (3) 

where m is the power law index, and A is a constant. The five independent 
governing parameters C, S, A. m,  /r maxh h  and rh  can be directly obtained from a 
single loading-unloading curve. This suggests that those parameters can be used to 
obtain unknown material properties from loading-unloading curves based on an 
optimization approach. According to the Buckingham π -theorem for dimensional 
analysis [5, 6], the dimensional scaling relationship for the indentation loading 
curvature can be expressed as 
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and thus 
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where 1f  is a dimensionless function, where the normalization is taken with respect 

to  
*

r

E
σ

. The reduced Young’s modulus is given by: 

2 2
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*
s i

1 v 1 v1
E EE
− −

= +                                            (6) 

where s iE , E , sv  and iv  are the elastic modulus and Poisson’s ratio of  the specimen 
and indenter, respectively. The Poisson’s ratio of the specimen is fixed as 0.30. For a 
“rigid” indenter, the second term in Eq. (6) is negligible. Therefore, Eq. (6) can be 
rewritten as follows:  
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For the unloading curve, the relationship between the normalised  
( )
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m

m r

F
h h−

and  A , 

and the relationship between the normalised 
( )

max

m r

mF
h h−

and the initial slope of 

unloading curve,  S can be obtained from a parametric study, as discussed by Kang 
et al [1]. From those relationships, constant A and m in Eq. (2) can be expressed as 
following: 
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which can be rewritten as  
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S h h
m

F
−

=                                               (10) 

From Dao’s study [5], the dimensional scaling relationship for the final residual 
depth can be expressed when the unloading force is zero 
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                                           (11) 

Since the relationships of the loading-unloading response of the indenter are known, 
the equation covering the loading and unloading portion of the curves can be 
assumed as follows: 

C= 
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1 logr
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                                        (12) 

and when substituted into eq.(1), can be expressed as follows: 
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where,  1 0.0115
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where h is the displacement of indenter, yσ  is initial yield stress, E is Young’s 
modulus and n is work-hardening exponent. Moreover, the final residual depth of 
the indenter,  rh  can be assumed as follows: 
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where mh  is the maximum displacement of the indenter.  

The elastic-plastic behaviour for many pure and alloyed engineering metals can be 
expressed by a power law relationship, which is presented schematically in Figure 2. 
The stress-strain ( rσ − ε  ) relationship [7] is assumed to be   
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                                          (15) 

where R is a strength coefficient and yσ  is the stress at zero offset strain. The 
decomposition of the total strain is given by 

total el plε ε ε= +                                               (16) 

where elε  is the elastic strain component and plε  is the plastic strain component. 

 
 

 

 

 

 

 

 

 

Figure 2  Power law elasto-plastic stress-strain behaviour 

 
The stress equation can be written as 

( )y n
r plR

E
σ

σ ε= +                                                   (17) 
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where the coefficient R is given by 1  n n
yR E σ −=  and rσ is called the representative 

stress. Therefore, three material parameters ( , , )yE nσ  are needed to describe the 
power law elastic-plastic behaviour of the material. Ogasawara et al. [8] have found 
that a representative strain 0.0115plε =  can be identified for the conical indenter 
( 70.3α = ° ) within a specified range of material parameters. The representative 
strain rε =0.0115 can be applied to essentially all power-law engineering materials 
and the dimensionless relationship between /  y rC σ ε and the * / y rE σ ε are 
practically independent of n. Therefore, the representative strain rε =0.0115 can be 
used in this study. 

 

3 Finite Element Modelling 
The ABAQUS [9] FE code is used in this study to obtain a simulated indentation 
loading-unloading curve. The conical indenter is modelled as an axisymmetric 
geometry using three-node axisymmetric triangular linear continuum elements 
(CAX3 in ABAQUS) and four-node axisymmetric quadrilateral linear continuum 
elements with reduced integration (CAX4R in ABAQUS). The Vickers indenter is 
modelled as a 3D geometry with a high element density of four-node linear 
tetrahedron continuum elements (C3D4 in ABAQUS). For the rigid indenters, a 
four-node 3-D bilinear rigid quadrilateral continuum element (R3D4 in ABAQUS) 
is utilized. Contact is prescribed between the rigid indenters and the elastic-plastic 
specimen. The assumption of a perfectly sharp indenter is employed. A “master-
slave” contact scheme in the FE procedure is applied on the rigid indenter and the 
specimen surface. The friction coefficient at the contact surface between the indenter 
and the top surface of the substrate is assumed to be zero, since friction has a 
negligible effect on the indentation process [10]. The region of interest is in the 
vicinity of the indenter tip where a high element density has been used due to the 
very high stress gradients immediately beneath the indenter tip. Typical FE meshes, 
arrived at by a mesh convergence study, are shown in Figure 3.  

The indentation simulations are carried out in two distinct steps, loading and 
unloading. In the first step, a total indenter displacement of 0.002 mm is imposed. 
During loading, a rigid indenter moves downwards along the loading axis and 
penetrates the foundation up to a maximum specified depth. In the second step, the 
indenter is unloaded and taken back to its initial position. Table 1 presents the 
material properties used to obtain the simulated indentation loading-unloading curve.  

Obtaining a unique set of material properties of a power-law material from a single 
indentation test has proved to be difficult. Consequently, some researchers [11, 12, 
13 and 14] have used load-displacement curves obtained from more than one 
indenter geometry (dual indenters) in order to obtain a unique set of material 
constants. It has been shown that decreasing the indenter angle, i.e. using a sharper 
tip geometry, improves the accuracy of estimation of the mechanical properties [11]. 
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The simulated target load-displacement curve using different indenter geometries 
(conical and Vickers indenters) and different angles (60° and 70.3°) have been 
obtained from FE analysis, as shown in Figure 4.  

(a) (b) 

  
Figure 3 Typical FE meshes used in the indentation analysis (a) axisymmetric 

conical indenter (b) 3D Vickers indenter 

Case Young’s modulus, E Yield stress, yσ  Work hardening exponent, n 
1 50 GPa 300 MPa 0.1 
2 100 GPa 900 MPa 0.5 
3 210 GPa 900 MPa 0.3 

Table 1 Material properties used to obtain the simulated indentation curves 

(a) (b) 

 
Figure 4 Load displacement indentation curves of the three material cases for (a) 

Vickers and (b) conical indenters with a face angle of 70.3° 
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4 An optimization procedure for determining material 
properties 

4.1  Optimization model 

For predicting the sets of material properties from the loading-unloading curve, the 
MATLAB Fimincon function with interior-point algorithm and nonlinear least 
square routine with practical equality and inequality constraints is used to produce 
the best fit between the simulated target load-displacement curve and the predicted 
optimized curves. In order to reduce the set of optimization parameters, Eq. (14) is 
substituted into Eq. (12) resulting in: 

2
1

m

r r

Ch nk
k

h σ
=                                                   (18) 

Furthermore, the relationship of the ‘k’ terms between axisymmetric and 3D Vickers 
indenters is assumed as follows: 

1 2  1  

11 22  2  

for st indenter

for nd indenter

k k
k k

= 1 1  1  

11 11  2  

r for st indenter

r for nd indenter

C h
C h

                                 (19) 

  11 1 11 1/k k C C=                                                   (20) 

  22 2 11 1/r rk k h h=                                                 (21) 

where, 1C  and 11 C are loading curvatures and  1rh  and 11 rh  are the final residual 
depths of the indenters for the 1st indenter and the 2nd indenter, respectively. The 
angles of 1st and 2nd indenters can be either 60° or 70.3° for the conical and Vickers 
indenters.  

In this study, two different types of indenters are required in order to obtain the 
mechanical properties from the loading-unloading curves, but based on equations 
(19)-(21), only four different optimization variable sets ( 2, , ,yE n kσ ) are required. 
The optimization model [4] is: 

( )
N 2pre exp

i i
i 1

1F P( ) P min
2

x x
=

⎡ ⎤= − →⎣ ⎦∑                               (22) 

 nx R∈                                                          (23) 

LB x UB≤ ≤                                                     (24) 

where F( x ) is the objective function, x  is the optimization variable set (a vector in 
the n-dimensional space, ),nR  which for this specific case contains the full set of the 
material constants in the model, i.e. 
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2 ,  , ,
T

yx K E nσ⎡ ⎤= ⎣ ⎦                                                (25) 

and LB and UB are the lower and upper boundaries of x  allowed during the 
optimization. For example, the work-hardening exponent values for most 
engineering materials are between 0.1 and 0.5. A limited range of material properties 
are chosen in this study and lower and upper limits have been imposed on the values 
of Young’s modulus between 10 GPa to 210 GPA and yield stress values between 
10 MPa and 2500 MPa in order to cover all practical engineering materials during 
the optimization procedures [15]. pre exp

i iP( )  and Px are the predicted indentation force 
and the experimental force from the target data, respectively, at a specific position i, 
within the loops. N is the total number of points used in the measured loading-
unloading loop. Arbitrary values of ( 2 , , , )yK E nσ  have been chosen as initial values 
and the proposed optimization algorithm has been used to find the optimized values 
of 2  , ,  and yK E nσ  from which the best fits between the experimental and predicted 
loading-unloading curve can be achieved. Furthermore, some practical physical 
equality constraints have been imposed during the analysis, which is given by: 

( )

1 2  1  1 1  1  

11 22  2  11 11  2  

m 1
max r  1  & 2  

*

r 2

 1  & 2  

0

 Am h h 0

h  log 0

for st indenter r for st indenter

for nd indenter r for nd indenter

for st nd indenter

m
r for st nd indenter

k k C h
k k C h

S

Eh nk
σ

−

⎧ ⎫
⎪ ⎪− =
⎪ ⎪
⎪ ⎪⎪ ⎪− − =⎨ ⎬
⎪

⎛ ⎞⎛ ⎞⎪
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⎪
⎪
⎪
⎪

                            (26) 

where S and rh  can be obtained from analytical loading-unloading curves, based on 
the Oliver-Pharr method [3]. These assumptions are limited due to the fact that a 
parametric study of 1k and 2k  values for a wide range of material properties and the 
bounds for those factors have not been performed. A relationship between these 
values can be devised as follows: 

1* *
  

log log

min max

r r
r r

C C
k

E Eσ σ
σ σ

≥ ≥
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

                                     (27) 

2* *
  

nlog nlog

r r

max max
r r

h h
k

E Eh h
σ σ

≥ ≥
⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

                               (28)                              

where minC  and maxC  are the minimum and maximum values of the loading 
curvatures. The relationships of 1 2/k k  can be obtained by rearranging Eq. (27) and 
Eq. (28) 



10 

1

2

    min max max max

r r r r

C h n C h nk
h k hσ σ

≥ ≥                                         (29) 

The above relationships can be calculated during the iterations, but the issue of 
uniqueness can arise due to the fact that the loading-unloading curves from different 
sets of material properties can be almost indistinguishable. Therefore, further 
investigation of the relationship between 1k  and 2k  factors and the geometry of 
indenter for a given material are required. 

4.2 Optimization procedure 

Previous studies have shown that, in many inverse approaches [5, 11-14], the 
elastic-plastic mechanical properties of a power-law material cannot be uniquely 
determined from a single indentation loading-unloading curve. Therefore, dual 
indenters have been used in this study. Since 1k  and 2k  factors are introduced in this 
study, the issues of uniqueness can arise despite using dual indenters. Therefore, a 
guideline for the optimization process in this study can be introduced to overcome 
this issue. The four different loading-unloading Curves obtained from conical and 
Vickers indenters with 60° and 70.3° angles can be obtained from FE analysis. The 
five independent governing parameters (C, S, A. m,  /r maxh h  and rh ) can be directly 
obtained from the four different loading-unloading curves, which helps to address 
the issues of uniqueness. 

In order to obtain the best optimized results, three types of ‘focus tests’ have been 
introduced. Vickers indenters with different face angles (60° and 70.3°) are used in 
the first focus tests. It is found that using the Vickers indenters gives better 
optimized results due to fact that the residual depths after unloading for different 
face angles (60° and 70.3°) are larger than those of the conical indenters. The second 
focus tests combine the Vickers indenter with 60° angle and the conical indenter 
with 70.3° angle. The third focus tests combine the Vickers indenter with 70.3° 
angle and the conical indenter with 60° angle. From the third focus tests, the best 
accuracy of the optimized values compared with the target values can be obtained. 
The new bounds of the mechanical parameters ( 2 , , ,yK E nσ ) and initial guess values 
can be changed, depending on the results from the focus tests.  

The general optimization algorithm used in this study is illustrated in Figure 5. The 
initial guess parameters ( 2 , , ,yK E nσ ) should be chosen within the range of bounds 
mentioned in Section 4.1. As can be seen from Figure 5, the optimization loop is 
introduced in order to reduce the range of bounds during each loop. This means that 
the following loop will be always within updated range of bounds. It can also be 
used to check that the optimized results are unique within this updated range of 
bounds.  
Figure 6 shows how the MATLAB optimization process is used with several 
simulations for one specimen. Firstly, the bounds and initial guess of the focus tests 
should be the same during all focus tests loops. Once all these trials have been  
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performed, each optimized result will be different, but the trend of optimized results 
can be observed. Then, new bounds of the parameters can be obtained based on 
those optimized results. The final optimized results can be obtained by checking the 
trend of the optimized results.  
 

Test: Target Values Optimized 
Values Error 

Focus Test 1: 
 
1- Vickers 70.3 
2- Vickers 60 

E=50 GPa 
σ=300 MPa 
n=0.1 
k11 =14.09     
k21=3.14 
k12  =6.67    
k22=3.10 

E=50.47 GPa 
σ=312.4 MPa 
n=0.133 
k11 =13.25     
k21=2.38 
k12  =6.27    
k22=2.36 

E=0.95% 
 

σ=4.16% 
 

n=33.35% 
 

Focus Test 2: 
 
1- Vickers 60 
2- Conical 70.3 

E=50 GPa 
σ=300 MPa 
n=0.1 
k11  =6.67    
k21=3.10 
k12  =34.88    
k22=4.05 

E=44.1 GPa 
σ=281.3 MPa 
n=0.098 
k11 =7.23     
k21=3.19 
k12  =37.82    
k22=4.16 

E=11.79% 
 

σ=6.23% 
 

n=1.57% 
 

Focus Test 3: 
 
1- Conical 60 
2- Vickers 70.3 

E=50 GPa 
σ=300 MPa 
n=0.1 
k11 =14.87     
k21=4.22 
k12 =14.09     
k22=3.14 
 

E=48.44 GPa 
σ=313.2 MPa 
n=0.115 
k11 =14.32     
k21=3.72 
k12  =13.58    
k22=2.77 

E=3.13% 
 

σ=4.39% 
 

n=15.3% 
 

New Bounds  y

23 70 
148 σ 445 

0.06 0.17

GPa E GPa
MPa MPa

n

≤ ≤⎧ ⎫
⎪ ⎪≤ ≤⎨ ⎬
⎪ ⎪≤ ≤⎩ ⎭

 

Final Test: 
 
Based on Focus 
Test 1 

E=50 GPa 
σ=300 MPa 
n=0.1 
k11 =14.09     
k21=3.14 
k12  =6.67    
k22=3.10 

E=47.3 GPa 
σ=291.3 GPa 
n=0.105 
k11 =14.54     
k21=3 
k12  =6.87    
k22=2.97 

E=5.36% 
 

σ=2.9% 
 

n=5% 
 

 
Table 2 Case 1 target and optimized values used in this study 



13 

In this study, a three-parameter optimization with different target values has been 
performed. Table 2 shows the target and optimized values used in case 1 and the 
other cases are presented in Appendix A. 

Figure 7 shows the differences between the optimized and the experimental (target) 
results. There are good agreements for the loading curves for the Vickers indenter, 
but the unloading curves are not in good agreement. Furthermore, it is interesting to 
observe that the optimized portions of the loading curves for the conical indenter are 
slightly lower than the target curves, whereas the unloading curve is well matched. 
This is due to the error of the 1k  coefficient and, therefore, ‘focus test 2’ can be 
performed by adding an upper bound to  1k  factor to give better solutions. 

 

Figure 7 Comparison between the target and predicted results of focus test 1 for 
Case 1 

 

4.3 Discussion of the results 

Three material cases have been used to extract the mechanical properties from 
loading-unloading indentation curves. During the ‘focus test’, the accuracy of the 
optimized values appears to be random, but the error does not exceed 50%. In 
particular, the k factors are always found with a low error due to the equality 
constraint, shown in Eq. (19). In addition, the inequality constraint can be used if the 
optimized values are not reliable. In case 2 with focus test 2 in Appendix A, the first 
optimized values of 1k  are very far away from the target values, but by using the 
inequality constraints, better solutions are obtained. It is always better to start with 
the minimum bounds of the constraint in order to achieve convergence easily, and it 
is noted that more accurate results can be obtained if more information of the k 
factors is available.  
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Once three focus tests have been performed, the average of the optimized values can 
be used as the initial guess values for the final test with new bounds. The lower and 
upper bounds of the parameters always start at about 100% away from the average 
of the updated results. Then, at every optimization loops, the bounds are reduced 
around the recently optimized results of the previous loop. Therefore, the final test 
usually converges much quicker than the earlier tests. In case 3 in Appendix A, the 
first final optimized results are about 20% away from the target values due to k 
coefficients being 10% away from their target values. By using the inequality 
constraints, the final optimized values reach the target values.  

Although the target values are already known in this study, the optimization 
algorithms are also applicable to unknown target values, due to the fact that some 
trends can be found from the three ‘focus tests’. If those results are not reliable, 
more ‘focus tests’ and different types of indenters with different face angles can be 
used to determine more accurate optimized results. Overall, the proposed 
optimization method can evaluate the material properties with good accuracy. 

However, the algorithms are sensitive to most of the initial guess parameters and 
algorithm options. In order to reduce the sensitivity of the optimization process, 
initial guess values and the bound parameters should not be chosen randomly.  It 
appears that the bounds of the parameters are related to the material of specimen and 
the geometry of indenter. In all cases, setting about 50% boundaries of target values 
allows a better solution to be found. Furthermore, the characteristics of the 
indentation curves and the interaction of the indenter geometry with the specimen 
should be investigated to arrive at suitable bounds. 

5 Conclusions 
This study presents a novel optimization algorithm to extract the elastic-plastic 
mechanical properties from loading-unloading curves from conical and Vickers 
indenters with face angles of 60° and 70.3° without using dimensional functions. It 
is assumed that the loading and unloading curves significantly depend on the 
mechanical properties ( , , yE nσ ), and the k factors have been introduced instead of 
complicated dimensional functions. Based on these parameters, sets of mathematical 
fitting functions for the loading-unloading curves can be devised. This new 
algorithms is based on the Fimincon function with interior-point algorithm in 
MATLAB with a nonlinear least square routine with practical equality and 
inequality constraints. 

To overcome the issue of uniqueness when using a single indenter, two different 
types of indenters with different face angles have been used; Vickers and conical 
indenters with face angles of 60° and 70.3°. The results from a single optimization 
loop do not give accurate solutions despite using two different indenter geometries. 
Therefore, an optimization algorithm based on several loops with different input 
tests has been introduced as ‘focus tests’. These tests can reduce the bounds of the 
mechanical parameters to find the optimum results. However, some limitations of 
this algorithm still exist due to the k factors. Therefore, a parametric study of the k 
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factors and further work for investigating the relationships between the material 
properties of the specimen and the geometry of the indenter are required. This 
further study can help to reduce the number of unknowns and the bounds of the 
parameters leading to improved accuracy of the optimization results.  
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Appendix A  

A1 Case 2  

 

Test: Target Values Optimized Values Error 

Focus Test 1: 
 
1- Vickers 70.3 
2- Vickers 60 

E=100 GPa 
σ =900 MPa 
n=0.5 
k11 =11.93     
k21=0.7 
k12 =5.77 
k22=0.75 

E=85.52 GPa 
σ =866.3 MPa 
n=0.29 
k11 =14.69     
k21=1.16 
k12  =7.11    
k22=1.21 

E=14.47 % 
 

σ =3.74 % 
 

n=40.22 % 
 

Focus Test 2: 
 
1- Vickers 60 
2- Conical 70.3 

E=100 GPa 
σ =900 MPa 
n=0.5 
k11 =5.77 
k21=0.7 
k12  =31.41    
k22=0.89 

E=138.71 GPa 
σ =569.68 MPa 
n=0.367 
k11 =7.26     
k21=0.86 
k12  =39.51    
k22=1.04 

E=38.71 % 
 

σ =36.7 % 
 

n=26.5 % 
 

Focus Test 3: 
 
1- Conical 60 
2- Vickers 70.3 

E=100 GPa 
σ =900 MPa 
n=0.5 
k11 =11.93     
k21=0.7 
k12 =14.47     
k22=0.93 
 

E=97.77 GPa 
σ =983.4 MPa 
n=0.464 
k11 =11.71     
k21=0.77 
k12  =14.2    
k22=1.01 

E=2.23 % 
 

σ =9.26 % 
 

n=7.16 % 
 

New Bounds  y

77 124 
689 σ 954 

0.32 0.5

GPa E GPa
MPa MPa

n

≤ ≤⎧ ⎫
⎪ ⎪≤ ≤⎨ ⎬
⎪ ⎪≤ ≤⎩ ⎭

 

Final Test: 
 
Based on Focus 
Test 1 

E=100 GPa 
σ =900 MPa 
n=0.5 
k11 =11.93     
k21=0.7 
k12 =5.77 
k22=0.75 

E=100.46 GPa 
σ =861.64 GPa 
n=0.503 
k11 =12.94     
k21=0.7 
k12  =5.89    
k22=0.73 

E=0.4 6% 
 

σ =5.26 % 
 

n=0.7 % 
 

 

Table A1 Case 2 target and optimized values used in this study 
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A2 Case 3 

 

Test: Target Values Optimized Values Error 

Focus Test 1: 
 
1- Vickers 70.3 
2- Vickers 60 

E=210 GPa 
σ =900 MPa 
n=0.3 
k11 =13.99     
k21=1.01 
k12  =6.56    
k22=1.02 

E=230.72 GPa 
σ =707.38 MPa 
n=0.182 
k11 =18.25     
k21=1.54 
k12  =8.55    
k22=1.54 

E=9.87 % 
  

σ =21.4 % 
 

n=39.2 % 
 

Focus Test 2: 
 
1- Vickers 60 
2- Conical 70.3 

E=210 GPa 
σ =900 MPa 
n=0.3 
k11  =6.56    
k21=1.02 
k12  =33.82    
k22=1.35 

E=231.38 GPa 
σ =755.42 MPa 
n=0.292 
k11 =7.133     k21=1 
k12  =36.773    
k22=1.33 

E=10.18  % 
 

σ =16.06 % 
 

n=2.72 % 
 

Focus Test 3: 
 
1- Conical 60 
2- Vickers 70.3 

E=210 GPa 
σ =900 MPa 
n=0.3 
k11 =15.44    
k21=1.39 
k12 =13.99     
k22=1.01 
 

E=212.6 GPa 
σ =865.3 MPa 
n=0.37 
k11 =14.56     
k21=1.13 
k12  =12.72    
k22=0.83 

E=1.23 % 
 

σ =3.85 % 
 

n=24.65 % 
 

New Bounds  y

112 250 
387 σ 1162 

0.14 0.42

GPa E GPa
MPa MPa

n

≤ ≤⎧ ⎫
⎪ ⎪≤ ≤⎨ ⎬
⎪ ⎪≤ ≤⎩ ⎭

 

Final Test: 
 
Based on Focus 
Test 1 

E=210 GPa 
σ =900 MPa 
n=0.3 
k11 =13.99     
k21=1.01 
k12  =6.56    
k22=1.02 

E=215.37 GPa 
σ =825.3 GPa 
n=0.302 
k11 =14.59     
k21=0.991 
k12  =6.84    
k22=0.992 

E=2.55 % 
 

σ =8.29 % 
 

n=0.93 % 
 

 

Table A2 Case 3 target and optimized values used in this study 

 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENG ()
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




