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Abstract

The authors have developed a beam finite element model for thin walled beams with
arbitrary cross sections in the large torsion context [1]. Circular functions of the
torsion angle 6 (c=coséf-1 and s=siné,) were included as variables. In this paper
three other three-dimensional finite element beams are derived according to the
three approximations of the circular functions ¢ and s: cubic, quadratic and linear. A
finite element approach of these approximations is carried out. Many comparison
examples are considered. They concern non linear behaviour of beams under twist
moment and post buckling behaviour of beams under axial loads or bending loads.

Keywords: beam, finite element, non linear, open section, post-buckling, stability,
thin-walled.

1 Introduction

Thin-walled elements with isotropic or anisotropic composite materials are
extensively used as beams and columns in engineering applications, ranging from
buildings to aerospace and many other industry fields where requirements of weight
saving are of main importance. Due to their particular shapes resulting from the
fabrication process, these structures always have open sections that make them
highly sensitive to torsion, instabilities and to imperfections. The instabilities are
then the most important phenomena that must be accounted for in design.
Nevertheless most of these flexible structures can undergo large displacements and
deformations without exceeding their yield limit. Again, buckling does not mean
failure. Many structures depict a stable equilibrium in post buckling state. For these
reasons the computation of these structures must be carried out according to
nonlinear models with use of an efficient technique that is able to overcome the
difficulties encountered in presence of singular points.



In literature of thin-walled beams, some finite element models were derived from
Vlasov’s model in small non-uniform torsion context [2],[3]. Pi [4] and Turkalj [5]
introduced a correction in the rotation matrix by considering higher order terms and
obtained improved models for linear and nonlinear stability analyses. Moreover, it
has been proved that pre-buckling deformations and shortening effects have a
predominant influence on torsion behaviour and stability of thin-walled beams
especially in beam lateral buckling investigations. These phenomena result from
flexural torsional coupling and presence of cubic term in the torsion equilibrium
equation (shortening effect or Wagner’s terms). These parameters are naturally
ignored in models developed according to linear stability. Authors [1] have
developed a beam finite element model for thin-walled beams with arbitrary cross
sections including flexural-torsional coupling, pre-buckling deflection effects and
large torsion context (B3Dw element). The efficiency of the model has been proved
for nonlinear behaviour and post buckling behaviour of thin-walled beams with
arbitrary cross sections. Comparisons have been made with some available beam
finite element with co-rotational formulation or test results.

Furthermore, some other finite element models have been investigated for stability
of thin-walled beams where the trigonometric functions were approximated by
polynomial functions. A finite element approach with cubic approximation was
investigated by Attard [6] and Ronagh [7]. In these works, only results on stability
were reported. Mohri [8] adopted this approximation in presence of cubic curvature
and developed a semi analytical model for post buckling behaviour of simply
supported beams when buckling modes are sinusoidal. Dourakopoulos [9] adopted
the same approximation with boundary element method. DeVille [10] investigated a
beam finite element with co-rotational formulation and linear approximation of
circular functions. Similar approximations were obtained in Fraternali [11] with an
additional higher term for warping component.

Nonlinear behaviour of structures like beam is conditioned by many parameters
(mesh, geometry data, boundary conditions, initial imperfections, iterative method
and convergence criteria). It is important to discuss the effect of different
approximations under the same conditions. In the present original work, a finite
element formulation is derived according to each approximation (cubic element,
quadratic and linear approximation). For each element, flexural-torsional coupling is
taken into account in kinematics (displacement and Green’s tensor components) and
the equilibrium in Lagrangian assumption. In solution the incremental iterative
methods are followed. The tangent stiffness matrix of each approximation is carried
out. Each element is incorporated in a homemade finite element code. Many
comparison examples are considered. They concern non linear behaviour of beams
with arbitrary cross section under twist moment and post buckling behaviour of
columns and beams. For each element, the flexural-torsional equilibrium paths are
obtained under the same conditions. The efficiency of B3Dw element is confirmed.

The background of the large torsion model is first reminded in section 2. The
equilibrium and the constitutive equations are first described in section 2.1. The



finite element discretisation, tangent matrix terms and the solution strategy follow in
section 2.2. In section 3, the finite element formulation according to cubic
approximation is described and followed by quadratic and linear approximations.
The main changes are outlined.

2 Theoretical and numerical model background

2.1 Equilibrium and constitutive equations

The theoretical model used in this work has been detailed in [1]. For the sake of
completeness, only a short review is shown hereafter and attention is gone to model
parts where flexural torsion coupling exist and torsion approximation is present. For
the study, a straight thin-walled element with slenderness L and an open cross-
section A is pictured in Fig. 1. A direct rectangular co-ordinate system (x,y,z) is
chosen. Origin of these axes is located at the centre G and shear centre is denoted by
C. Consider M, a point on the section contour with its co-ordinates (y, z, @), @ being
the sectorial co-ordinate introduced in Vlasov’s model for non uniform torsion. It is
admitted that there is no shear deformations in the mean surface of the section and
the contour of the cross-section is rigid in its own plane. Displacements and twist
angle can be large but deformations are assured to be small. An elastic behaviour is
then adopted in material behaviour. Displacements of a point M are derived from
those of the shear centre by:

u, =u—yv+vc+w's)—z(w'+w'c-v's) — 00 ' (1)
vy =v=(z-z)s+ (- y,)e @
w,=w+(y-y)s+(z—-z)c (3)
with ¢ =cos(0,)—1 and s =sin( 0 ) (4a,b)

u is the axial displacement of centroid, (v, w) are displacements of shear point in y
and z directions and 6. is the torsion angle. Customary symbol (.)’ denotes
differentiation with respect to x co-ordiante. Since the model is concerned with large
torsion, the trigonometric functions ¢ and s are conserved without any
approximation in this section. The components of Green’s strain tensor which
incorporate large displacements are reduced to the following:

o1 ,
€, =¢—yk, —zk — o0 + ERZBX2 (52)
1 o
£,y = —%(z —z.+ %”)49; &y = E(y — Y.~ Ew)@x' (5b,c)

In (5a), ¢ denotes the membrane component, &, and k. are beam curvatures about the



main bending axes and R is the distance between the point M and the shear centre C.
One reads:

1 ,
£ = u'+?(v'2+w'2)—;(6’x

k,=w"+w"c—-v"s
k., =v'"+v"c + w"s (6a,c)
The variable y associated with membrane component in (6a) is defined by:

yr=yv.(w+wc—-v's)—z (v+v'ic+ w's) (6d)

Equilibrium equations are derived from stationary conditions of the total potential
energy (oU-oW=0). Loads are applied on the external surface of the beam o4 (Fig.1).
Their components (AF,,AF,,AF.) are supposed to be proportional to load
parameter 4. The beam strain energy U is written in terms of the stress resultants
acting on the cross-section as:

SU = I(NSS — M 8k, — M 5k +M 50 + B350’ +%MR8(9;)2J dx (7)

N is the axial force, M, and M. are the bending moments, B, is the bimoment acting
on the cross-section and M, is the St-Venant torsion moment (Fig.1). M is a higher
order stress resultant. It includes Wagner coefficient and shortening effects. Doing
variation on relations (1-3), one obtains for the virtual work 6% of the external loads:

SW =[(F 8u+F 8v+F dw+M 50 +M Sw+M_3v+B, 30 ) dx

+Af (Myec + Mzes)6w' ds +\| (Mzec - Myes)Sv' dx (82)
+Af (— F {ezc + e},s}+ F, {eyc - ezs}— M, (V+v'e+w's)+ M (w+w'c— v's)b@x dx

ye

where e, and e, denote load eccentricities from shear point (e, = y-y., e. = z-z.), (M,.,
M..), M, and B, define respectively the external bending moments, the torsion
moment and the bimoment. They are listed below in terms of load eccentricities:

Mye =-Fez, M,.=-F. Y M. = 'Fye et Fz €y, Bue=-Fre @ (8b-e)

In finite element approach, only the contribution of constant load is considered.
Distributed loads are converted to equivalent concentrated loads. The contribution of
eccentric loads to second member and tangent stiffness matrix is not included in the
present work. Extensive effort is done actually in order to make this possible in
future with development of an alternative method to Newton-Raphson iterative
methods, the asymptotic numeric method [12]. The first results have been already



obtained. The results will be presented in near future. When only linear terms are
kept in development, the virtual work of external loads is reduced to:

SW = u( wOu + F o 0v+ F 0w+ M, 50, + Myeaw'+MZL,5v'+Bwe§9;)1x 9)
L

Fig. 1: open section thin-walled beam: definition of kinematics and stress forces

Matrix formulation is adopted hereafter. For the purpose, the following work vectors
are introduced:

{S}’z{N M, M, M, B, MR}, {y}‘z{s -k, -k 0, 0 ;—e’f}

Q¥ =u v owoo, b B =W v w8 v w6 e (10ad)

FY = P FooM My = M. M, B, 00 0o} (llab)

{S} and {y} define beam stress resultants and deformation vectors. Vectors {¢} and
{9} are displacement and displacement gradient vectors. Load forces are arranged in
two components {F,} and {M.} which are the conjugate of {¢} and {6}. In previous
vectors, the trigonometric functions ¢ and s are present in {y} vector, respectively in

y, variable of the membrane component ¢ and in curvatures &, and k. defined in (6a-
d). For numerical development, the following additional vector is used.

laf ={c s z} (12)

Based on (10-11), the matrix formulation of the equilibrium in compact form is:
{6y 348 Jar = ([ 4B ¥ {F.Jas + [ {50} M Jas ] = 0 (13)

The present model is applied in the case of elastic behaviour. In such context, the
matrix form between the stress vector {S} and the deformation vector {y} when

derived in the principal axes is:



tsy=[plir} (14)

[D] 1s the material matrix behaviour. Its terms are functions on elastic and geometric
characteristics needed for axial, bending, and non uniform torsion behaviour [1].

In the variational formulation of the equilibrium (13) and the elastic material
behaviour (14), the {y} vector and its variation {3y} are considered particularly
since all non linear terms including flexural torsional coupling and trigonometric
functions (¢, s) are present in these vectors. According to (6a-c), the strain
vector, defined in (10b), is split into a linear part and two non-linear parts:

{7}=[[H 1+ ;—[Aw)]— [Aa(a)]]{e} (15a)

Applying variation to (15a) one gets for {5y} needed in the equilibrium system (13)

oy }= 11+ [40)]- [4,(@)]-[10,0))) {50} (15b)

Matrices [H] and [4(6)] are classical in non-linear structural mechanics. They are
independent on torsion approximation. The terms matrices [4.(a)] and [Z (0, a)] that
take into account for large torsion and flexural-torsional coupling. For this reason
they are outlined. In what follows, only the flexural-torsional matrices are given.
The other matrices are detailed in [1]. The [4,(«)] matrix terms are:

[0 0 0 » 0 0 0 O]
O 0 0 0 —-s ¢ O 0
La)]=|® 0 0 0 ¢ s 0 0 (16)
“ 1000 0 0 0 0 0 O
0O 0 0 O 0 0 0 0
00 0 0 0 0 0 0]
For matrix [Z (CA a)] , one gets the following expression:
A0,a)|= [21(9)] [P(6,a)] (17)
Matrix {2 (‘9)} is linearly dependant on {8} . Matrix [P(6,@)] is given by:
0 0 0 0 0 0 O -5
[P(0,a)]=]0 0 0 0 0 0 c+l1 (18a)
0 Q9. R, 0 0 0 0 P
P=-y WwWs+vic+l)+z.(v's=w'(c+1))
0.=-ys—z(c+l) and R =y (c+1)-zs (18b-d)



Based on these relationships, the equilibrium equations (13) and the constitutive
system (14) are then arranged into the following detailed system:

g{ae}'([Hh[Aw)]—[Aa(a)]—[Zw,a)]){s}dx—a[g«aq}'{m{5e}f{M})fx]=o (19a,)
is}=1D ([H 1+ 4] [Aa<a>]]{6}

The elastic equilibrium equations have been derived without any assumption about
the torsion angle amplitude. Trigonometric functions ¢ and s have been included as
components in vector {«}. In the analysis, non-linear and highly coupled kinematic
relationships have been encountered. Due to consideration of large torsion, novel
matrices [4,(a)] and [Z(e,a)] derived in terms of functions ¢ and s and flexural-

torsional coupling have been carried out. The finite element approach system (19) is
summarised hereafter.

2.2 Finite element formulation and solution strategy

3D beams elements with two nodes and 7 degrees of freedom per node are adopted
in mesh process. In the present study, the beam of slenderness L is divided into some
finite elements of length /. Linear shape functions are assumed for axial
displacements u and cubic functions for the other displacements (i.e v, w, ) are
used. The vectors {g} and {¢} are related to nodal variables {r} by:

fay=[N &b and 40 }= [G (&) [}, (20a,b)

where [N(&)] is the shape function matrix and [G(&)] i1s a matrix which links the
gradient vector {9} to nodal displacements. In the framework of finite element

method, the system (19) becomes:

s Horklpo.al she - x4 [ ork{r)as =0

iS3= [D]([Bz I+ (B, @)]- B, (a)]j{r}e

v {or} (21a,b)

Symbol (2 ) denotes the assembling process over basic elements. In (21), one reads:

[8(0,0)]= [8,]+ [B,, (0)]- [B,.. ()]~ [, (0.0)],
[8,]1 = [# 16 &) ].
[B,0)]=[40)]G (&)],

[B,.()]=[4, ()]G (&],
[5,0.a)]=[A0.0)][6 (&)1,



Ul =INOIF I+ [G@)] M, }. (22a-f)

Matrices [B)] and [B,(6)] are familiar in non-linear structural analysis. [B,.(«)] and
3, (6.0)] result from large torsion assumptions and flexural-torsional coupling.
Vector {f}. is related to the nodal forces. To solve the non-linear problem (21) the
classical incremental-iterative Newton-Raphson procedure is followed. With this
aim in view, we have to compute the tangent stiffness matrix. Unknowns of the

problem ({U}t,l):({r} {s} {e}.2) are sought in the form:
U}={u,}+{au} and  A=X, +AL (23a,b)

Given an initial guess of the solution ({U,}, A,), the increments of the problem ({AU},
AJ) fulfil the following incremental condition:

& Jiarj—anifi= {0} (24)
where: [K/] = [K,] + [K] (252)
[, 1= £ 21 130,.a )1 [PTBO,.0,) e (25b)
[k 1= 5 216 @15 0,006 @) e (25¢)

[K)] is the tangent stiffness matrix. [K,] and [Kj] are respectively the geometric and
the initial stress stiffness matrices. The geometric matrix terms have been defined
previously in (22). The initial stress matrix is split into:

[S(goaao]: [EO]_ EO (‘9030‘0)] - EO (‘90’0‘0)] t - [§0 (‘903a0)j| (26)

All these matrices are 8x8 order. The first, ([Eo] ) is function on beam initial stress

resultants but is independent to torsion approximation. The last (FOJ and [ So:|) are

highly dependent. The non vanished terms of these matrices are the following:

Se(42)=N,0.,  So(43)=N,R., So(4,8) = N,P,

S0(58) =M _ys— M o(c+1), So(5.8)=—M o5+ M _o(c+1) (27a-c)
§0(2,8) = —N,0, (y.(c+1)=z,5) Eo (2,8) = —NOH;C (ycs +z.(c+ l))
§0(8,8) = N,0, [yc (v's - w'(c+ 1))+ z, (v'(c +1)+ w's)] (28a-c)

+ My0 [v"s - w"(c+ 1)]— M [w"s +v"(c+ 1)]

In these relationships, N,, M,, and M,, are axial and bending initial beam stress
resultants. Coefficients P., Q. and R, have been defined in (18b-d).



By this way, a large torsion non-linear finite element model for elastic thin-walled
beams has been investigated. The calculation of the tangent stiffness matrix was
possible thanks to the introduction of trigonometric variables ¢ and s present in {«}
vector. The different solutions are first presented and discussed below.

3 Finite element formulations with polynomial
approximations

In previous formulation, all matrices are derived without any assumption on torsion
angle amplitudes. Functions c=cos(6,)-1 and s= sin(6.) have been considered without
any approximations. In what follows, these functions are computed according to the
following Taylor’s approximants, ranging from cubic to linear.

When functions ¢ and s are approximated until power 3 (cubic approximation), then:

3 o7 o;
COS(H):lfi-‘Za Sin(@_)=9 —ﬂa SO. c:__xa SZ&X__ (29a_d)
* 2 6 6

The kinematics (1-3) of displacement components are modified accordingly.

2 3

u,, :u—y[v'(l— ezx )+ w'(6, —H(;)J—Z(W'(l—gz"'z)—v'(ﬁx —96'3)]—509;

o). . .6
by =y (=20, - 2 = (- p) S
Wy = wt (v -y )0, Ly (z -z )Y (30a-c)

6 2
When functions ¢ and s are approximated until power 2 (quadratic), one writes:
0> . 93
cos(6,) =1-2,sin(6,)=0,, =" and s=0, (31a-d)
X 2 -

The 3D displacements of the beam’s contour point are:

2

] 6 ' ' 92 ] A\l
uy, =u—ylvid- 2")+w¢9X —zl w'(l— 2*)—\/49,‘ -0,

2

X

2

vy =v—-(z2-2)0,—(y-y,)

2

Wy = wt (y—y)0, —(z-z.) ‘92* (32a-c)

When the functions ¢ and s are approximated with only linear functions, one gets:

cos(6,)=1, sin(@.)=6. , c=0 s =0, (33a-d)



This means, that in kinematic equations, one considers:

Uy, =u—yW+w'é )-z(w'-v'6 ) - wl '

vy =v—-(z-2z)0. , w, =w+(y—-y.)0, (34a-c)

For these approximations, the same procedure is followed as in large torsion context.
For any approximation, the equilibrium system and its finite element formulation are
derived. For the equilibrium, the matrix formulation equivalent to (19) is obtained.
Changes are observed at matrices linked to flexural-torsional coupling (i.e: matrices
[A@)], [P(6,@)]). In solution of the nonlinear equations by iterative incremental

strategies, the initial stress matrices F(&O,ao)} and F(%’%)} of the tangent operator

[K/] are carried out. Their terms are derived in the Appendix A for any
approximation and a finite element model based on 3D beam element including
warping and according to each previous approximation has been developed. Due to
highly coupled and non linear equilibrium equations, the Newton-Raphson
incremental iterative methods are adopted in the solution. Here, the arc-length
strategy is adopted. The tangent matrix is then carried out. It accounts for large
displacements, initial stresses, torsion approximation and flexural-torsional
coupling. These elements are implanted in a general finite element package. The
large torsion beam element referenced B3Dw has been presented largely and
validated in [1]. The beam elements are denoted B3Dw3 (for cubic approximation),
B3Dw2 (quadratic approximation) and B3Dwl (linear approximation). Some
examples are presented hereafter. They concern the flexural-torsional behaviour of
beams under torsion moment and post buckling behaviour of columns and beams.

4 Comparison examples

Some comparison examples are considered here. They concern non linear behaviour
of beams with arbitrary cross section under twist moment and post buckling
behaviour of columns and beams under axial loads or bending loads. Due to
presence of highly non linear equations and presence of singular points, arc-length
method is adopted for solution of the incremental equations. For each element, the
flexural-torsional equilibrium paths are obtained under the same conditions (mesh,
initial arc-length increment, convergence criteria and initial imperfections when they
are needed).

4.1 Torsion behaviour

The flexural torsional behaviour of a channel beem under torsion moment is studied.
The beam is simply supported in bending and torsion at both ends. Warping is free
at both ends. The axial displacement is fixed only at one end. The geometric data of
the beam are depicted in Fig.2a. The elastic constants E=210 GPa G=80,77 GPa. A
torsion moment is applied at mid-length. 20 elements are used in the mesh process.
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Since the beam cross section is singly symmetric, it exhibts a flexural-torsional
beahviour. The displacements v,w and the torsion angle &, at mid-length of the beam
are depicted in Fig.2b-d. The torsion moment has been varied from 1 to 100 kNm
with an automatic arc-length. For the convergence condition, the residue is fixed at
10°. One can observe that in large torsion beam behaviour of the beam is
predominated by shortening effect. For this section the linear part is very limited.
Effect of torsion approximation is evident. Under linear behaviour assumption, one
observe that torsion angle increase continuously with the applied moment. With
B3Dw elements, amplitudes of dipslacements (v and w) are bounded in positive and
negative values. The polynomial approximations from cubic, quadratic and linear
are valid near the origin where the torsion angle is less than 1.0 rad (M <10kNm ).

They are not able to follow B3Dw predictions far from the origin.

7 B3Dw1l 100 1 B3Dw
M, M,(kNm) |
e X L
- F---. g- >
"Q' B ~
3m
AZ (a)
T —
C G

b=100, h=200, t=5mm

1
0,2 01 0 01 0,2 03

B3Dw

B3Dw3 100 100 *
Mx(kNm)

80

04 0,35 03 -0,25 0.2 0,15 01 -0,05 0

Fig.2: Flexural-torsional behaviour of a beam under torsion moment
(a): data, (b): (M,,v) curve, (c): (M,,w) curve, (d): torsion behaviour.

4.2 Post buckling analysis of channel section in compression

The previous steel beam with channel cross section is studied now under
compressive load (AFy). In order to reach the post buckling equilibrium curves,
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initial additional loads (AM, AF’) are applied. In the analysis, F is fixed to 1 kN and
the imperfection loads (F. M,) are very small, fixed to 0.01. The flexural-torsional
equilibrium curves are depicted in Figs.3b-d. One can observe that the buckling load
is independent to torsion approximation. Its value is 366.7 kN. The equilibrium
curves are instable near buckling load. With B3Dw a looping curve is present in
(P,v). Near buckling load area, cubic element B3Dw3 follow the decrease part but it
is not able to describe the perfectly the looping curve. B3Dw2 and B3Dw1 elements
lead to flat and stiff curves. Limits of these approximations in post buckling
analyses, far from bifurcation zone are then evident.

, F, B3DW 500 T B3Dwl B3DW2
P(kN) | B3Dw3
AF, H
I-l----»x ™) g_ 0 -+
e iMx R
3m 300
T — (a)
200 (b)
C G
h >y
l 100
b v(m)
b=100, h=200, t=5mm e S S S
0,2 0,1 0,0 0,1 0,2
500 - 7
/BSDWNBSDWZ B3DW3 B3Dw
400
300
P(kN)
200 200 A
(c) (d)
100 100
) v:/(m)I L w(rad)
01 01 03 05 07 0,50 - 050 1,00 150 2,00 250 3,00

Fig.3: Post-buckling behaviour of a beam under compression
(a): data, (b): (P,v) curve, (c): (P,w) curve, (d): (P, &) curve

4.3 Lateral post buckling analysis of I beam
An European steel beam with 1300 cross section (b=150,A=300,¢~10,7,£,=6,1mm) is
considered. The beam, of length L=6m, is subjected at mid length to a concentrated

load (AQ;). In order to reach the post buckling equilibrium curves, initial additional
loads (AF,,AM,) are applied. In the analysis, Q. is fixed to 1 kN and imperfection
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loads F), and M, to 0.01. The flexural-torsional equilibrium curves are depicted in
fig.4a-c. These curves are obtained with an automatic arc length varying load until
500 kN. One can observe that the buckling load is independent to torsion
approximation. Its value is 78 kN. The displacement v is bounded and don’t increase
in post buckling state. Cubic element B3Dw3 is slightly different than B3dw
predictions. B3Dw2 and B3Dwl1 elements lead to continuously stiff curves. Limits
of these approximations in post buckling analyses are then evident.

B3Dwl B3Dw2  B3Dw
B3Dw3 B3Dw B3Dw2 / B3Dwl 01 iy » B3Dw3

400 1

Wm) W)

A5 Q0 Q15 00 05 00 05 00 05 0% 025 030 075 1,00 125 150

B3DwW1 B3Dw2 B3Dw3 B3Dw

T @y

4(1) r

)
3(1) 4

)
m r
100 1

(c)
Myud)
025 0,50 075 1,00 125 1,50 1,75

Fig.4: lateral post-buckling behaviour of a beam
(a): (P,v) curve, (b): (P,w) curve, (c): (P, &) curve

4.4 Lateral buckling stability of continuous beams

In order to demonstrate the efficiency of the B3Dw, it is important to consider cases
when boundary conditions are arbitrary. The last example is devoted to lateral
buckling of continuous beam ABC with two equal spans under two centrally loads
0O, and @, applied at each span at point M, and M,. The beam is under simply
supported boundary conditions in bending and torsion at ends A, B and C. The
warping is free at each beam end and continuous at the central support B. The axial
displacement is restrained only at support A. This example has been studied by
Vachagitiphan [13], where a doubly-symmetric steel I-section called UC31 is used.
Pre-buckling deflection effect on beam lateral buckling resistance is studied by
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varying load factors of O, and O, from zero to unity. In numerical approach,
buckling loads are obtained according to eigenvalue problem solutions (EVP) and
non linear bifurcations detected along the beam equilibrium curves (B3Dw). In order
to reach post-buckling range, some initial flexural-torsional imperfections have been
considered at points M, and M,. The buckling interaction curves are depicted in Fig.
5. This section is very sensitive to pre-buckling deflections. Buckling loads carried
out from EVP solutions underestimate thremousthly beam resistance against lateral
buckling for all load intensities. When Q, and Q, have different intensities the beam
deformation is not symmetric. But when their intensities are close (Q,=0,)
symmetric and anti-symmetric modes are possible. Buckling loads are derived for
the Anti-symmetric Mode (AM) and Symmetric Mode (SM) from EVP approach
and nonlinear analysis.

- For the AM, the EVP gives the buckling load (Q,=0,=212 kN). Based on
nonlinear analysis approach, these loads increase to (Q,=0,=265 kN). Fig.
6a,b depict the post buckling curves of the deflection and torsion angles at
points M, and M,related to this mode.

- For the SM, the EVP leads the buckling load (Q,=0,=279 kN). In nonlinear
analysis, these loads reach value (Q,=0,=339 kN). The related post buckling
curves (Q,w) and (Q, 6;) at points M, and M, are pictured in figs 6¢,d.

- In Vachagitiphan [13], only the interaction curve of AM was depicted. The
agreement is very good.

350 339kN (SM)

[ Q2(kN) 'B3Dw, Non linear
300 1 265kN (AM)
[ B3Dw, Non linear 279 kN (SM)

[ B3Dw, EVP
250 1
225% B3Dw, EVP
200 £
187 T

150 1

100 1

50 +

50 100 150 200 250 300 350

Fig.5: Buckling load interaction curve for two span continuous [-beam
(SM: buckling load with symmetric mode, AM: buckling load with anti-symmetric mode)
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Fig.6: Post buckling equilibrium curves of points M, and M,: (a) deflection (AM),
(b) torsion (AM), (c) deflection (SM), (d) torsion (SM).

5 Conclusions

Four beam finite elements have been investigated for thin-walled elements. They use
three-dimensional beams with two nodes and seven degrees of freedom (dof) per
node. Warping is considered as independent degree of freedom. In the first (B3dw),
trigonometric functions c=cos 6,-1 and s=sin 6, are used in the whole model without
any approximation. The equilibrium equations are derived in discrete form. For non
linear behaviour, the tangent stiffness matrix is carried out in terms of large
displacements and initial stresses. The tree others elements are derived with
polynomial functions for the trigonometric functions ¢ and s: cubic (B3Dw3),
quadratic (B3Dw2) and linear approximation (B3Dw1). The same procedure has
been followed in the equilibrium, discretization and derivation of the tangent
operator. The matrices which are function on flexural-torsional coupling and torsion
approximation are derived for the equilibrium and tangent operator. Many
comparison examples have been considered. They concern non linear behaviour of
beams with arbitrary cross section under twist moment and post buckling behaviour
of columns and beams under axial loads or bending loads. For each studied case, the
flexural-torsional equilibrium paths are obtained under the same conditions. The
efficiency of B3Dw element is confirmed from benchmark solutions. From the
equilibrium curves obtained with the other elements, it is concluded that:
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. For the torsion behaviour, the accuracy is function on approximation.

B3Dw3 is more accurate than B3Dw2 and B3Dw1 which become inadequate
or fail when torsion angles become finite or large.

. In stability analyses, the buckling loads of beams under axial or lateral loads

are independent to torsion approximation. All elements lead to the same
buckling loads with the same accuracy.

. In post buckling behaviour, the equilibrium curves of B3Dwl and B3Dw2

elements are valid only in regions near bifurcation. B3Dw3 is accurate until
moderate torsion angles are reached.

. B3Dw is reconsidered for the lateral buckling stability of two span

continuous beams under two centrally concentrated loads. The interaction
curve is carried out. It is observed that buckling modes are anti symmetric
when intensity loads is different. Under equal loads symmetric and anti
symmetric are possible.

In this paper, only a constant load contribution is considered in the finite element
procedure. The effect of non constant load effects has not been included in the finite
element model. This part will contribute to the right hand side and to the tangent
stiffness matrix. By this way, the load application from shear point and centroid will
be taken into account. This work is now in good progress with application of the
asymptotic numerical method [12]. The results will be presented in the near future.
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Appendix A: Flexural torsional matrix terms according to
different approximations

Al

Equilibrium system

For this approximation, the equilibrium system is carried as followed in large
torsion. Equivalent system as (19) is obtained. Changes are observed at matrices
linked to flexural-torsional coupling (matrices terms [4/a)] [P(6,«)]). The non
vanished terms of these matrices are:

A.1.1 Cubic approximation

Matrix [4( 6,@)] terms:

Aa(1,4):yﬂ[waf%)fv'(@—Hsj—z{v'(lf%)W(@—%)J

3 0
4,29 =0, -2 4,(2.6)= -2

&
3 2
2

0! 6>

A4,(3,5) =- 5 A4,3,6)=(0, - ?)

Matrix [P(6,a)] terms:
PA8=-0. P2y = —[1 - "ZJ 7 P(32)= —[yc ©, - %) +z.(1- i))

PO =y (-2 -z.0, -2 pe®) =—y{w’9x +V'(1—02")J+z{v'0x -Wv(l_zx)]

2 3 2

62

17



A.1.2 Quadratic approximation

Matrix [4,(6,a)] terms:
4,(1,4) = yl_[w'(l - 6’2—*2) — v'@xj - zc[v’(l — '92"2) + w'ﬁxj

2

Z
A,(2,6) ==
) «(2,6) 5

2 3

1)
4,65)=-%  4,66-0.- eg)

93
4,(2,5)=-(0, - 6x

Matrix [P(6,a)] terms

P(18) =0, P238) =1
2

P(3,2>=—[yﬂx+zc<1—%)} P(33)=y.(1- 92

2
x

)—z.0,
P38 =—y. (WO +V)+z,(V'0. —W)
A.1.3 Linear approximation

Here the formulation is less different than in the precedent approximations. In the
equilibrium equations, the coupling is not strong. One arrives to:

[{60} (#]+[40)]-[4,@)]-[4®)] 5} - z[j({sq}’ (F)+ {50 (M} ] -0

L L

{s}= [D]([H] + %[A(H)]— [4, (9)]){9}

Aa (154) = yUW'_ZCV’, Aa (2’5) = _ex
A4,(3,6)=6_, A(1,2)=-2.6.
A13)=y.0,, A28 =-v", A(3,8) = w"

A.2 Initial stress matrices terms
A.2.1 Cubic approximation
The equilibrium system is nonlinear and highly coupled. The Newton-Raphson

iterative method is adopted is solution procedure. The tangent operator is then
derived. The initial stress matrices due to flexural-torsional coupling needed in

solution [g] and [s} terms have the following expressions.
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S0(42) = —No[yc(@ —%) +z,(1 —‘92*)]

_ E FE
50(4,3)=No(y(.(1— 7)) 70, - g)j

S0(48) = NO{— y{w’@x (1 - 6;-3)] + ZU(V'Q_ —w(1- 92-3)]}

2 2

- 17) =
So(5.8)=-M 0, —M ,(1- ;0) S0(6.8) ==M ,0,, + M _,(1- 950)

= = 2
S0(2,8)=S0(8,2) = —NOQ;(yC(l— ezx ) — chxJ

wll
|l

(3.8) =

2
0(8,3) = —Noé’,{yﬁx +z, (1= ¢92X )J

Ll

0(8,8) = NOQ; [y(, (VVHX - W')+ z, (v' +w'é, )]+ M, (v" 6, - W")— Mzo(w" 0.+ v")

A.2.2 Quadratic approximation

The initial stress matrices [S] and [5} terms are:

— 02 — 9 2

So(4,2) = —No(yﬁx +2,(1 —?x)J So(43) =N, [yc (-5~ zgexJ
So(4,8) = Ny(= y. (WO, +v)+2,(v0, —w"))

So(58)=-M_,0,, - M,

S0(6,8)=—M 0, +M_,

0(2.8) = S0(8,2) =—N,0. (v, - 2.6,) S0(3.8) = S0(83) =—Nyb. (1.6, +2z.)

Llll «tlll

0(8,8)= NOH; [— ycw'+zcv'] - M oW'-M_ "

A.2.3 Linear approximation
Here the formulation is less different than in the precedent approximations. In the

equilibrium equations, the coupling is not strong. The initial stress stiffness matrix is
given by:

s,)=[5)-F] -F5.]

Here the matrix IEJ is constant and depend only on beam initial stresses. The non
vanished terms of this matrix are.
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So(4,2)=—N,z,

So(4.3)=N,,
So(48)=-M

So(5.8) =M.,

Matrix [S} is not present.
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