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Abstract

This paper considers the shape and topology optimization of the elastic contact prob-
lems using the level set approach. A piecewise constant level set method is used to
represent interfaces rather than the standard method. The piecewise constant level set
function takes distinct constant values in each subdomain of a whole design domain.
Using a two-phase approximation the original structural optimization problem is re-
formulated as an equivalent constrained optimization problem in terms of the piece-
wise level set function. The necessary optimality condition is formulated. The finite
difference method is applied as the approximation method. Numerical examples are
provided and discussed.
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1 Introduction

The paper deals with the solution of a structural optimization problem for an elliptic
variational inequality. This inequality governs unilateral contact between an elastic
body and a rigid foundation. The structural optimization problem for the elastic body
in unilateral contact consists in finding such topology of the domain occupied by the
body and the shape of its boundary that the normal contact stress along the boundary
of the body is minimized. The volume of the body is bounded.

In structural optimization the standard level set method [1, 2] is employed in the
numerical algorithms for tracking the evolution of the domain boundary on a fixed
mesh and finding an optimal domain. This method is based on an implicit representa-
tion of the boundaries of the optimized structure, i.e., the position of the boundary of
the body is described as an isocountour of a scalar function of a higher dimensionality.



While the shape of the structure may undergo major changes the level set function re-
mains to be simple in its topology. The evolution of the domain boundary is governed
by Hamilton - Jacobi equation. The speed vector field driving the propagation of the
level set function is given by the Eulerian derivative of the cost functional with respect
to the variations of the free boundary. The solution of this equation requires reinitial-
ization procedure to ensure that it is as close as possible to the signed distance function
to the interface. Moreover this approach requires regularization of non-differentiable
Heaviside and Dirac functions. Applications of the level set methods in structural
optimization can be found, among others, in [1, 3,4, 5, 6, 7, 8, 9].

Recently, a piecewise constant level set method as a variant of traditional level
set method has been proposed for the image segmentation [10], shape recovery [11]
or elliptic inverse problems. For a domain divided into 2" subdomains in standard
level set approach is required 2% level set functions to represent them. Piecewise con-
stant level set method can identify an arbitrary number of subdomains using only one
discontinuous piecewise constant level set function. This function takes distinct con-
stant values on each subdomain. The interfaces between subdomains are represented
implicitly by the discontinuity of a set of characteristic functions of the subdomains
[10]. Comparing to the classical level set method, this method is free of the Hamilton-
Jacobi equation and do not require the use of the signed distance function as the initial
one. Piecewise constant level set method has been used in [12] to solve numerically
topological optimization problem in plane elasticity and in [13] to solve structural
optimization problem for the Laplace equation in 2D domain. Moreover in [14] this
method is used to solve topology optimization problem for plane elasticity with uni-
lateral boundary condition.

In the paper the original structural optimization problem is approximated by a two-
phase optimization problem. Using the piecewise constant level set method this ap-
proximated problem is reformulated as an equivalent constrained optimization prob-
lem in terms of the piecewise constant level set function only. Therefore neither shape
nor topological sensitivity analysis is required. During the evolution of the piecewise
constant level set function small holes can be created without use of the topological
derivatives. The paper extends results contained in [14]. Necessary optimality condi-
tion is formulated. The finite difference method is used as the approximation method.
This discretized optimization problem is solved numerically using the augmented La-
grangian method. Numerical examples are provided and discussed.

2 Problem Formulation

Consider deformations of an elastic body occupying two-dimensional domain §2 with
the smooth boundary I" (see Figure 1). Assume {2 C D where D is a bounded smooth
hold-all subset of R%. Let E C R? and D C R? denote given bounded domains.
So-called hold-all domain D is assumed to possess a piecewise smooth boundary.
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Figure 1: Initial Domain €2.

Domain §2 is assumed to belong to the set O, defined as follows:
O, ={QC R*:Qisopen, ECQC D, #Q°<I}, (1)

where #{)¢ denotes the number of connected components of the complement Q¢ of §)
with respect to D and [ > 1 is a given integer. Moreover all perturbations 2 of €2
are assumed to satisfy {2 € O,. The body is subject to body forces f(z) = (fi(x),
fa(z)), z € Q. Moreover, surface tractions p(z) = (p1(z), p2(z)), © € T, are applied
to a portion I'; of the boundary I'. We assume, that the body is clamped along the
portion [’y of the boundary I', and that the contact conditions are prescribed on the
portion 'y, where I; N T; = 0,0 # j, i,j =0,1,2, T =TqUT; UT,.

We denote by u = (uq,us), u = u(z), z € €, the displacement of the body and by
o(z) = {o;;(u(x))}, 4,5 = 1,2, the stress field in the body. Consider elastic bodies
obeying Hooke’s law, i.e., for x € Q and ¢, 5, k,l = 1,2,

0ij(u()) = agm(z)en(u(z)). 2)

We use here and throughout the paper the summation convention over repeated indices
[15]. The strain ey (u(x)), k, 1 = 1,2, is defined by:

enu(@) = 5 ura(w) + ua(0)) ®

a%_(l;c)_ The stress field o satisfies the system of equations [15]

where uy () = =5

—O'Z‘j(ZE)J‘ = fz(l') xr € Q,’i,j = 1, 2, (4)



where () ; = 90i;(2)

, 4,7 = 1,2. The following boundary conditions are imposed

827]'
uz(m) =0 on Fo, 1= 1,2, (5)
Uzg('r)nj =p; On Flv Za.]: 1727 (6)
uy+v <0, oy <0, (uy+v)oy=0 only, (7
|or |[<1, wupor+ |ur |=0 onTy, (8)

where n = (nj,n2) is the unit outward versor to the boundary I" and v = v(z) is a
given profile of the boundary I'y;. Here uy = u;n; and on = oynng, 4,5 = 1,2,
represent the normal components of the displacement u and the stress o, respectively.
The tangential components of displacement u and stress ¢ are given by (ur); = u; —
unn; and (or); = o;5n; —onn,, i, j = 1,2, respectively. | ur | denotes the Euclidean
norm in R? of the tangent vector .

2.1 Variational Formulation of Contact Problem

Let us formulate contact problem (4)-(8) in variational form. Denote by V;, and K
the space and set of kinematically admissible displacements:

Vi ={2 € [H'(Q)]?=H'(Q) x H'(Q) : zz=00nTy, i =1,2}, 9)
K={z€Vy : 2y <0 on I'y}. (10)

Denote also by A the set of Lagrange multipliers corresponding to term | ur | in
equality constraint in Equation (8) [15, 16]:

A={CeL¥Iy) :|¢] <1} (1)
The spaces L?(2) and H'() denote the space of square integrable functions as well

as the space of square integrable functions having also square integrable first deriva-
tives on the domain 2, respectively.

Variational formulation of problem (4)-(8) has the form: find a pair (u, \) € K x A
satisfying

/ az‘jkzez'j(u)ekl(SD —u)dr — / filpi —w;)dz —

Q Q

/ pi(pi — u;)ds +/ Mer —ur)ds >0 Vo € K, (12)
1—‘1 FQ

/ (C—=MNurds <0 V(€ A, (13)
T2

1,7, k,l = 1,2. The results concerning the existence of solutions to system (12)-(13)
can be found, among others, in [15].



2.2 Structural Optimization Problem

Before formulating a structural optimization problem for (12)-(13) let us introduce
first the set U,, of admissible domains. Domain €2 is assumed to satisfy the volume

constraint of the form
Vol(Q) — Vol <0, Vol(Q) X / dz, (14)
Q

where the constant Vol9” = const, > 0 is given. Moreover this domain is assumed
to satisfy the perimeter constraint [3], [16, p. 126]

Per(Q) < consty, Per(Q) déf/dx, (15)
r

The constant const; > 0 is given. The set U,y has the following form
Uy = {2 € O, : QisLipschitz continuous,
(2 satisfies conditions (14) and (15) }, (16)
The set U, 1s assumed to be nonempty. In order to define a cost functional we shall
also need the following set M*' of auxiliary functions
M* = {n=(m,n) € [H(D)*:n; <0 onD,
i=12, |l lEop < 13, (17)

where the norm || 7 o= (X2, || n 171(py)"/?. Recall from [7] the cost
functional approximating the normal contact stress on the contact boundary

J(u()) = / o () (@)ds, (18)

depending on the auxiliary given bounded function n(x) € M*'. oy and ¢y are
the normal components of the stress field o corresponding to a solution u satisfying
system (12)-(13) and the function 7, respectively.

Consider the following structural optimization problem: for a given function n €
M5, find a domain Q* € U,q such that

Jp(u(X)) = Qrglljrald Jn(u(Q2)) (19)

From Sverak theorem and [17, Theorem 2] follows the existence of an optimal domain
O* € U,y to the problem (19).

3 Level set approach

In [6, 7] the standard level set method [2] is employed to solve numerically problem
(19). Consider the evolution of a domain {2 under a velocity field V. Let ¢ > 0 denote
the artificial time variable. Under the suitable regular mapping 7'(¢, V') we have

QO =T(t,V)(Q) = (I +tV)(Q), t>0.



By Q, we denote the interior of the domain €2, and by Q) we denote the outside
of the domain §2;. The domain €2, and its boundary 0f2; are defined by a function
¢ = ¢(x,t) : R?>x[0,ty) — R satisfying:
o(z,t) = 0, if x €0y,
o(z,t) < 0, if ze€Qy, (20)
H(z,t) > 0, if z€Qf.
Function ¢ satisfying (20) is called the level set function. In the standard level set

approach Heaviside function and Dirac function are used to transform integrals from
domain €2 into domain D [2].

Assume that velocity field V' = V(z,t) is known for every point z lying on the
boundary 02, i.e., such that ¢(x,t) = 0. Therefore the equation governing the evo-
lution of the interface 9, in D x [0, to], known as Hamilton-Jacobi equation, has the

form [2]
% +V(x,t) - Vyo(z,t) = 0. 21)

where ¢ () is a given signed distance function of the set 2.

3.1 Piecewise constant level set formulation

Recall hold-all domain D is an open bounded domain in R?. Let us assume D is
partitioned into N subdomains {Q;}¥, such that

N
D = uo) (23)
i=1
where N is a given integer and 0f2; denotes the boundary of the subdomain §2;. Define
a level set function ¢ : D — R such that [10, 12, 13]

=14 in€,;, i=1,2,..,N. (24)

This function is used to identify all the phases in D. In order to guarantee that there
is no vacuum or overlap between different subdomains €2; assume function ¢ satisfies

the following constraint:
W(¢) =0, (25)

N
= def .
W(¢) = (¢—1)(¢—2)..(¢ = N) = [(¢ — ). (26)
=1
The constraint (26) means that for every = € D there exists a unique ¢ € {1,2..., N}
such that ¢(x) = 4. Using this approach the characteristic function y;,i = 1,2, ..., N,

of the subdomain §2; is represented as [10]
. N N
Yi = — H (¢ — j) where a; = H (i — k), (27)

a.
=15 k=1,ki



i.e., it is constructed using one level set function ¢ only. Each characteristic function
X: is expressed as a product of linear factors of the form (¢ — j) with the ith factor
omitted. Therefore as long as (24) holds, x;(x) = 1 for z € ; and equals zero
elsewhere.

3.1.1 Density function

Consider piecewise constant density function p : D — R? defined as

[ e ifzeD\Q,
p(‘”)_{ 1 ifzeQ. (28)

where € > 0 is a small constant. Function (28) can be constructed as a weighted sum
of the characteristic functions ;. Denoting by {p;}}¥, a set of real scalars, we can
represent a piecewise constant function p taking these N distinct constant values by

p(r) = ZPzXz(Cb(x)) (29)

3.2 Constrained optimization problem

We confine to consider a two-phase problem in the domain D. Therefore we set N = 2
and D = )y U Q. Using (27) and (29) we have

xi(z) =2 —¢(z) and xo(z) = ¢(z) — 1, (30)
and
p(r) = prxa1(z) + paxa(z) = (1 — €)dp(z) + 26 — 1. (3D
Moreover function (26) takes the form

def

W(p) = (¢ —1)(¢—2). (32)

Using (24) as well as (31) the structural optimization problem (19) can be transformed
into the following one: find ¢ € U j’ 4 such that

i J,(¢) = [ p(@)on(unnds (33)

$eUy
where the set de of the admissible functions is given as

Ul = {¢e€ H(D) : Vol(¢) — Vol#™ <0,
W(¢p) =0, Per(¢) < const,}, (34)
where

def

Vo)™ [ poyiz, Pero) [ Vo) ds (35)



The element (u, A\.) € K X A satisfies the state system (12)-(13) in the domain D
rather than (2:

lLﬂ@MmﬁM%ﬁM¢—mﬂx—/pwwmm—mwm—

D

/ pi(pi — uei)ds + / Ae(or —uer)ds >0 Vo € K, (36)
'

Iy

/ (€ = A)uerds <0 V¢ € A. (37)
1)

For the existence of the optimal solution ¢ € H'(D) to the optimization problem
(33)-(37) see [11] or [18, Theorem 3.2.1, p. 75].

3.3 Necessary optimality conditions

Let us formulate the necessary optimality condition for the optimization problem (33)-
(37). In order to do it we introduce the Lagrangian L(¢, \):

L(¢, \) = L(, e, A, %, % N) = Jy(9) +
/MM%WMWMMMM—/ﬁwMﬁM—/pM@+ (38)
D

D I

3
~ 1

)\Ep“d3+/ q“uerds + Ae(@) + c(g),

s [ duands £ 3e(0) 305 o

where i, j, k1 = 1,2, A = (A}, e(0) = {e(@) Y, = [Vol(0), W(9), Per(9)]",
cT'(¢) denotes a transpose of ¢(¢), f,, > 0, m = 1,23, is a given real. Element
(p*, ¢*) € Ky x A, denotes an adjoint state defined as follows:

[ st + leuids + [ fords=0 Ve ki, (9)
D )
C(pT +nr)ds =0 V(¢ € Ay. (40)
1)
The sets K and A are given by
Ki={{eVy : & =0 on A% }, 41)
Alz{CEAC(ZL‘)ZOODBlLJBQUBi’_UB;_}, (42)

while the coincidence set A" = {x € Ty : uy + v = 0}. Moreover By = {z € I'y :
Mw) =1}, By ={z €Ty : \Nx) = +1}, B = {z € B; s uy(v) +v = 0},i = 1,2,
B = B;\ B;, i = 1,2. The derivative of the Lagrangian L with respect to ¢ has the
form:

g—g(éb, A) = /Dpl(ﬁb) [aijreq(ue)en (p” +mn) — f(p* +n)]dx +

o)+ Y Seo)d(e), @3



where the derivatives are equal to

p(¢)=1—¢ d(¢)=[Vol'(g),W(s),Per'(¢)], (44)
Vol'(¢) =1, W'(¢)=2¢ -3, (45)
Vo Vo
P€’l“/(¢) = X{0Q=consty} max{(), -V (W)} - X{Bﬂ>const0}V : (W
The necessary optimality condition takes the form [16, 19]: if quS eU fd is an optimal
solution to the problem (33)-(37) than there exists Lagrange multiplier A € R3 such
that A1, Ay > 0 satisfying

). (46)

L($,A) < L(¢, X*) < L(¢,\) V(p,\) € Ugy x R?, (47)
Condition (47) implies that [15, 16] for all ¢ and A
OL(9, ) OL(, \*)
——— >0 and ———— <0, 48
a6 — oN (%)

A~

holds at the point (¢, \*).

4 Numerical implementation

Problem (33) - (37) is discretized using the finite difference approximation [2, 13].
Denote by ¢;; = ¢(t, 2}, x}) the approximation of ¢ at the grid point (%, ) for a
given time ¢. Recall forward, backward and central differences as

51 — % 572 = % (49)

xr1 T2
e (50)

1 T2
0T s = ¢i+1,j2}: Gﬁiq,j7 5E2 s = ¢i,j+12}: ¢i,j71‘ (51)

The regularization term is approximated as follows
[Ivelar~ [ \for vo v ee 52)
D D

where €; > 0 is small positive number and ¢,,, ¢,, are partial derivatives of ¢ with
respect to 1 and x5 respectively discretized using central differences,

(D21)ig = 00" iy (Das)ij = 05" D (53)
The curvature term is approximated using the following formulas:
ﬂ)m _ [(& &)m}m ~
| Vo | | Vo | | Vo |
1 ¢$1 Cbzl
ey V612~ (4]

1 T T
E[(I@T\)"”’*”Q — (lé—w)i’jl/z]’ (54)

V( )x1+(

)7'_1/27.7] +



where

0% i j

(—)’i+1/2,j = 3

Vel \/(53?(?5@',3')2 + 50002 ig + 057 Pir15)? + €1
(ﬂ) Loy = 0" ;4

i—1/25 — )

| V¢ | \/((Sil¢i,j)2 + %(5§2¢i71,j =+ 5862¢m)2 + £1
() sea = -

i,j = )

Vel \/(5?@,3‘)2 + (05 0 + 65 i j41)? + €1
Dy 02 ;

o T )ig1/2 = -
Vel \/(5f¢i,j)2 + 5 (06 Bt + 05 ¢4 j)? + €1

S Numerical experiments

The discretized structural optimization problem (33)-(37) is solved numerically. We
employ Uzawa type algorithm [15] to solve numerically optimization problem (33)-
(37). The algorithm is programmed in Matlab environment. As an example a body
occupying 2D domain

Q={(21,22) ER*: 0< 2, <8 A 0 < v(zy) < 1y <4, (55)
is considered. The boundary I" of the domain {2 is divided into three pieces

To={(z1,22) € R*: 21 =0,8 A 0 <v(r)) <y <4},
Plz{($1,$2)€R230§$1§8 A 1]2:4}, (56)
[y ={(z1,22) ER*:0< 21 <8 A 9 =v(x1)}.

The domain 2 and the boundary I'; depend on the function v given as in [6, 14].
Figure 2 presents the obtained optimal domain. The areas with low values of density
function appear in the central part of the body and near the fixed edges. The obtained
normal contact stress is almost constant along the optimal shape boundary and has
been significantly reduced comparing to the initial one.

6 Conclusions

The numerical results obtained seem to be in accordance with physical reasoning.
They indicate that the proposed numerical algorithm allows for significant improve-
ments of the structure from one iteration to the next and is more efficient than the
algorithms based on standard level set approach. Unlike in the previous papers here
the original topology optimization problem is approximated by the two-phase opti-
mization problem. This problem is transformed into the constrained optimization

10
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Figure 2: Optimal domain 2*.

problem where the piecewise constant level set function is variable subject to opti-
mization. Compared with the standard level set approach the proposed approach does
not require the solution of the Hamilton - Jacobi equation or to perform the reinitial-
ization process of the signed distance function. The proposed method has also a hole
nucleation capabilities as with topological gradient based methods.

References

[1]

(2]

[3]

[4]

[5]

[6]

G. Allaire, F. Jouve, A. Toader, ”Structural Optimization Using Sensitivity
Analysis and a Level Set Method”, Journal of Computational Physics, 194, 363—
393, 2004.

S. Osher, R. Fedkiw, "Level Set Methods and Dynamic Implicit Surfaces”,
Springer, New York, New York, 2003.

N. P. van Dijk, G.H. Yoon, F. van Keulen, M. Langelaar, ”A level-set
based topology optimization using the element connectivity parameterization
method”, Struct. Multidisc. Optim., 42, 269-282, 2010.

P. Fulmanski, A. Laurain, J.F. Scheid, J. Sokotowski, ”A Level Set Method in
Shape and Topology Optimization for Variational Inequalities”, Int. J. Comp.
Math., 85, 1491-1514, 2008.

L. He, Ch. Y. Kao, S. Osher, “Incorporating topological derivatives into shape
derivatives based level set methods”, Journal of Computational Physics, 225,
891-909, 2007.

A. Myslinski, “Level Set Method for Optimization of Contact Problems”, En-
gineering Analysis with Boundary Elements, 32, 986-994, 2008.

11



[7] A. Myslinski, “Radial Basis Function Level Set Method for Structural Opti-
mization”, Control and Cybernetics, 39(3), 627 - 645, 2010.

[8] T. Yamada, K. Izui, S. Nishiwaki, A. Takezawa, "A topology optimization
method based on the level set method incorporating a fictitious interface en-
ergy”’, Comput. Methods Appl. Mech. Engrg., 199(45-48), 2876-2891, 2010.

[9] S.Y. Wang, K.M. Lim, B.C. Khao, M.Y. Wang, ”An extended level set method
for shape and topology optimization”, Journal of Computational Physics, 221,
395-421, 2007.

[10] J. Lie, M. Lysaker, X.C. Tai, ”A piecewiase constant level set framework”, In-
ternational Journal of Numerical Analysis and Modeling, 2(4), 422-438, 2005.

[11] A.De Cezaro, A. Leitdo, "Level-set approaches of L?-type for recovering shape
and contrast in ill-posed problems”, Inverse Problems in Science and Engineer-
ing - in press, 2012.

[12] P. Wei, M.Y. Wang, “Piecewise constant level set method for structural topology
optimization”, International Journal for Numerical Methods in Engineering, 78,
379-402, 2009.

[13] S. Zhu, Q. Wu, C. Liu, ”Shape and topology optimization for elliptic boundary
value problems using a piecewise constant level set method”, Applied Numeri-
cal Mathematics, 61, 752-767, 2011.

[14] A. Myslinski, ”Structural Optimization of Elastic Contact Problems using
Piecewise Constant Level Set Method”, in "CD-ROM Proceedings of the 9th
World Congress on Structural and Multidisciplinary Optimization”, June 13 -
17, 2011, Shizuoka, Japan, H. Yamakawa (Eds), ISSMO, 2011.

[15] J. Haslinger, R. Mikinen, “Introduction to Shape Optimization. Theory, Ap-
proximation, and Computation”, SIAM Publications, Philadelphia, 2003.

[16] J. Sokotowski, J.P. Zolesio, "Introduction to Shape Optimization. Shape Sensi-
tivity Analysis”, Springer, Berlin, 1992.

[17] A. Chambolle, ”A density result in two-dimensional linearized elasticity and
applications”, Arch. Ration. Mech. Anal., 167, 211-233, 2003.

[18] G. Aubert, P. Kornprobst, "Mathematical Problems in Image Processing”,
Springer, 2006.

[19] M.C. Delfour, J.P. Zolesio, ”Shapes and Geometries: Analysis, Differential Cal-
culus and Optimization”, STAM Publications, Philadelphia, 2001.

12





