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Abstract 
 
The objective of this paper is to investigate the behaviour of laminated fibre-
reinforced composite plates subject to large deformations by developing a shell 
finite element and to predict the failure by illustrating the critical elements of the 
model. The laminates are assumed to be orthotropic and the first order shear 
deformation theory is applied in the formulation by using triangular shell elements. 
Laminates under transverse loading were analysed for different boundary conditions 
and ply orientations. The maximum stress, Hashin’s and Tsai-Wu failure criteria are 
integrated to the code to detect first ply failure. 
 
Keywords: laminated composite plate, finite element analysis, large deformation, 
nonlinear analysis, first order plate theory, first ply failure. 
 
1  Introduction 
 
Composites are advanced engineering materials with superior mechanical properties 
that can be tailored and diversified among the purpose of application. The 
requirements of the design are accomplished by the combination of two or more 
distinct materials on macroscopic scale in order to improve the desired properties 
like strength, stiffness, corrosion resistance, fatigue life, weight, attractiveness, 
thermal insulation or conductivity. Their high strength-to-weight ratio exceeding 
that of the constituents is the main attribute which makes mechanics of composite 
materials a more popular area of interest. The primary usage of advanced composite 
materials is for aerospace applications. Aircraft are distinguished from the other 
vehicles by the fact that structural factors of safety are low and power-to-weight 
ratios are high. These levels are achieved by using materials with high specific 
material properties and precise design procedures. Airplanes, rockets missiles and 
various structural components of these, including engines and also satellite 
applications have been routinely produced with glass, carbon and kevlar composites 
[1-4]. 
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The most crucial issue in the design of the composites arises from the fact that, 
directionally dependent properties make the analysis and design applications more 
difficult. In order for the design to be reliable, damage modes, which are dependent 
on loading, stacking sequence and specimen geometry must be predicted. There are 
many theories to predict the onset of failures and their progression. Most of the 
failure criteria are based on the stress state in the lamina. An accurate kinematic 
model of the laminate is necessary to determine the stress and strain fields which are 
the key parameters of the design to be controlled [5]. 

Limit analyses are generally recovered by the use of Mises-like theories, 
especially with Tsai-Wu criterion, which is the adaptation of failure envelopes used 
in isotropic elasticity to anisotropy. While the investigation of damage onset is 
generally carried out with maximum stress, Tsai-Wu, Tsai-Hill, Azzi-Tsai theories 
or in some cases with the modified or combined versions of these popular criteria, 
the property degradation and the ultimate collapse of the laminates are determined 
by the implementation of the mathematical model into a finite element solver.  

The formulation generated by Padhi, Shenoi, Moy and Hawkins [6] is one of the 
few studies dealing with progressive failure of laminated plates under transverse 
loading. In the study, failure is predicted by employing different failure criteria, 
geometric nonlinearity is considered and first order plate theory is applied by using a 
commercial finite element program. Parhi, Bhattacharyya and Sinha [7] indicated 
the first ply failure of the composite plates by the direct implementation of Tsai-Wu 
criteria to their model. Spottswood and Palazotto [8] worked on the initial and 
progressive failure of the curved composite panel designed to resist transverse 
loading through the use of Hashin failure criterion. In the analysis, geometric 
nonlinearity which allows large displacements but small to moderate rotations is 
considered. In the study of Prusty, Satsangi and Ray [9], first ply failure analysis of 
laminated panels under transverse loading was carried out with Yeh-Stratton 
criterion to determine the failure loads together with the well known theories 
maximum stress, maximum strain, Tsai-Wu, Tsai-Hill and Hoffman. Lin and Hu 
[10] introduced a mixed failure criterion which was composed of Tsai-Wu and 
maximum stress theories. This criterion was used to determine the failure onset and 
the proposed degrading model was used to represent post-damage mode of the 
composite laminates under biaxial tensile loads. The progressive failure analysis of 
laminated composite plates has been performed in linear and elastic range by Pal and 
Ray [11] and Pal and Bhattacharyya [12]. Under transverse static loading, after 
estimating the failure onset, the related stiffness of the failed lamina had been 
discarded completely, i.e., the model was degraded according to the failure mode of 
the weakest layer. After a ply-by-ply analysis, ultimate failure load of the laminate 
was achieved. Huang [13] applied bridging model technique to characterize 
nonlinearity of composites undergoing inelastic deformation. In the study, the 
compliance matrix is constructed as a combination of fibre and matrix materials 
instead of the treating the structure with the unified properties of the two 
constituents. The results were given for several composite beams subjected to 3-
point bending. 

In the present study, a finite element program is developed to analyze the 
nonlinear behaviour of the laminated composite plates under transverse loading. The 
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deformed forms of the laminates having various combinations of ply orientations are 
plotted until the first ply failure. The initiation of the damage is detected through 
three different failure theories; maximum stress, Hashin’s and Tsai-Wu failure 
criteria, which are integrated to the developed code. 

 
2  Governing equations 
 
The flat shell finite element, which was developed for elastic-plastic analysis of 
homogenous materials in a previous study [14], is adapted to composite materials. 
The deformation and motion of a body of volume ௢ܸ and surface area ܣ௢ in the 
undeformed state can be defined by ݔ௜ ൌ ௜ሺݔ ଵܺ,  ܺଶ,  ܺଷ,  ௜ is the Eulerianݔ ሻ whereݐ
or spatial coordinates and ௜ܺ is the Lagrangian or material coordinates. The virtual 
work equation for a virtual displacement ݔߜ is given as 
 

න ௜ܵ௝ܧߜ௜௝݀ ௢ܸ ൌ න ௢ܣ௞݀ݔߜ௞ݐ
஺೚

 

௏೚

 (1)

 
In the equation above, ௜ܵ௝ is the second Piola-Kirchoff stress tensor, ܧ௜௝ is the 

Lagrangian strain tensor, ݐ௞ is the traction vector at a spatial point referred to the 
undeformed configuration. The material time derivative of Equation (1) gives 
 

න ൫ ሶܵ௜௝ܧߜ௜௝ ൅ ௜ܵ௝ܧߜሶ௜௝൯݀ ௢ܸ ൌ න ௢ܣ௞݀ݔߜሶ௞ݐ
஺೚

 

௏೚

 (2) 

 
Imposing the well-known equations 
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where ߩ and ߩ଴ are the densities in deformed and reference configurations 
respectively, and ߪ௞௟ is the Cauchy stress tensor, the following equation can be 
obtained from Equation (2) 
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 (5) 

 
where ߪത௞௟ is the Truesdell stress rate and ݒ௞ is the velocity. The velocity gradient 
can be written in terms of its symmetric and skew-symmetric parts, ܦ௞௟, the rate of 
deformation tensor and ௞ܹ௟, the spin tensor, respectively as 

௞ݒ߲

௟ݔ߲
ൌ ௞௟ܦ ൅ ௞ܹ௟ (6) 
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 ത௞௟ can be obtained using the mentioned property of the velocity gradient throughߪ
the existence of  the Jaumann rate of Cauchy stress tensor, ߪ௞௟

כ  
 

ത௞௟ߪ ൌ ௞௟ߪ
כ ൅

௠ݒ߲

௠ݔ߲
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Imposing Equation (7) into Equation (5) gives 
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In the updated Lagrangian formulation the Cauchy and Kirchoff stress tensors ߪ௞௟ 

and ߬௞௟ are related as 
 

߬௞௟ ൌ
௢ߩ

ߩ  ௞௟ (9)ߪ

 
and their rates give the following equation 
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௠ݔ߲
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Assuming ߩ௢ ⁄ߩ ൎ 1 and ߲ݒ௠ ௠ݔ߲ ا 1⁄  for incompressible materials, the 

following equation can be written 
 

߬௞௟
כ ൌ  ௠௡ (11)ܦ௞௟௠௡ܥ

 
where ܥ௞௟௠௡ is the constitutive relation. Equation (8) finally becomes 
 

න ൬ܥ௞௟௠௡ܦ௠௡ܦߜ௞௟ െ ௞௟ܦߜ௞௠ܦ௠௟ߪ2 ൅ ௠௟ߪ
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஺

 

௏
 (12) 

 
In the above equation ܸ and ܣ are the volume and surface area of the body at 

time t. The rate of deformation tensor ܦ௜௝ and gradients of velocity tensor ݒ௜,௝ can be 
written as vectors ࢊ and ࢝, respectively, whereas the forth order tensor ܥ௜௝௣௤ can be 
expressed as a matrix ࡯. Then Equation (12) gives 
 

න ሺࢊ࡯்ࢊߜ െ ࢊෝ்࣌ࢊߜ2 ൅ ሻܸ݀࢝෥்࣌࢝ߜ ൌ න ܣሶ்࢚݀࢜ߜ
஺

 

௏
 (13) 

 
where 
 

்ࢊ ൌ ሾܦଵଵ ଶଶܦ ଵଶܦ2 ଶଷܦ2 ଷଵሿܦ2 (14) 
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்࢝ ൌ ሾݒଵ,ଵ ଵ,ଶݒ ଵ,ଷݒ ଶ,ଵݒ ଶ,ଶݒ ଶ,ଷݒ ଷ,ଵݒ  ଷ,ଶሿ (15)ݒ
 
and ࣌ෝ and ࣌෥ are appropriately formed stress matrices. 
 
 
3  The layered flat shell finite element 
 
The shear deformable theory of Mindlin is used in the formulation of the layered flat 
shell finite element. The velocity field of the shell element whose midsurface 
coincides with the ݕݔ-plane can be written as 
 

,ଵݔଵሺݒ ,ଶݔ ,ଷݔ ሻݐ ൌ ଵݒ
଴ሺݔଵ, ,ଶݔ ሻݐ ൅ ଷݔ ሶ߰ ଶሺݔଵ, ,ଶݔ   ሻݐ

,ଵݔଶሺݒ ,ଶݔ ,ଷݔ ሻݐ ൌ ଶݒ
଴ሺݔଵ, ,ଶݔ ሻݐ െ ଷݔ ሶ߰ଵሺݔଵ, ,ଶݔ ሻ (16)ݐ

,ଵݔଷሺݒ ,ଶݔ ,ଷݔ ሻݐ ൌ ଷݒ
଴ሺݔଵ, ,ଶݔ   ሻݐ

 
where ݒ௜ are the velocities in the corresponding ݔ௜ directions, ݒ௜

଴ are the associated 
midsurface velocities ሺ݅ ൌ 1,2,3ሻ, ሶ߰ ଵ and ሶ߰ ଶ are the rate of change of normal 
rotations in the ݔଶݔଷ and ݔଵݔଷ planes, respectively, and ݐ is the time. Then by using 
Equations (14) and (15) the vectors ࢊ and ࢝ can be expressed as 
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ۑ
ۑ
ۑ
ۑ
ۑ
ې

 (17)
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ێ
ێ
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଴ ൅ ଷݔ ሶ߰ଵ,ଵ

ଶ,ଶݒ
଴ ൅ ଷݔ ሶ߰ଵ,ଶ

െ ሶ߰ଵ
ଷ,ଵݒ

଴

ଷ,ଶݒ
଴ ے

ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ۑ
ې

 (18)

 
  

The anisotropic interpolation functions suggested by Tessler and Hughes [15] are 
employed to develop an effective and simple Mindlin element, and to prevent shear 
locking. Then ݒ௠

଴  and ሶ߰ఈሺߙ ൌ 1,2ሻ can be expressed in terms of the nodal variables 
of a three node element as 



6 

ଵݒ
଴ ൌ ௜ߦ ௜ݒ

ଵ
଴  

ଶݒ
଴ ൌ ௜ߦ ௜ݒ

ଶ
଴  

ଷݒ
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1
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௜
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ሶ߰ ଵ ൌ ௜ߦ ሶ߰௜
ଵ  

ሶ߰ ଶ ൌ ௜ߦ ሶ߰௜
ଶ  

 
where ߦ௜ are the triangular area coordinates, ܽ௜ ൌ ଵ௞ݔ െ ଵ௝ and ܾ௜ݔ ൌ ଶ௝ݔ െ  ଶ௞ andݔ
the permutation ݅ ൌ 1,2,3; ݆ ൌ 2,3,1; ݇ ൌ 3,1,2. Defining the element degrees of 
freedom vector ࢗ as 
 

ࢗ ൌ ൣ ଵ ݒ
ଵ
଴ ଵ ݒ

ଶ
଴ ଵ ݒ

ଷ
଴ ሶ߰ଵ

ଵ ሶ߰ଵ
ଶ ଶݒ

ଵ
଴ … ሶ߰ଷ

ଶ൧ (20)
 
In the above equation, the node number is indicated by a left superscript. Then the 
vectors ࢊ,  can be expressed in terms of element degrees of freedom ࢜ and ࢝
 

ࢊ ൌ ࢗ࡮ࡴ (21)
  

࢝ ൌ (22) ࢗࡾࡳ
  

࢜ ൌ ࢗࡺ (23)
 
where the matrices ࡴ and ࡳ are the functions of ݔଷ only, the matrices ࡮ and ࡾ are 
formed to express ࢊ and ࢝ in terms of elements degrees of freedom and ࡺ is the 
shape function matrix. Finally Equation (13) gives 
 

න ൫ࢗ࡮࡯்࡮்ࢗߜ െ ࢊ࡮ෝ்࣌࡮்ࢗߜ2 ൅ ൯ܸ݀࢝ࡾ෥்࣌ࡾ்ࢗߜ ൌ න ܣሶ்࢚݀ࡺ்ࢗߜ
஺

 

௏
 (24) 

 
where 
 

࡯ ൌ ෍ න ࡯்ࡴ
௛೙శభ

௛೙

ଷݔ݀ࡴ

௅

௡ୀଵ

 (25) 

  

ෝ࣌ ൌ ෍ න ෝ்࣌ࡴ
௛೙శభ

௛೙

ଷݔ݀ࡴ

௅

௡ୀଵ

 (26) 

෥࣌ ൌ ෍ න ்ࡳ
௛೙శభ

௛೙

ଷݔ݀ࡳ෥࣌

௅

௡ୀଵ

 (27) 

 
In the above equations ܮ is the number of layers and ݄௡ is the distance between 

the midsurface of the plate and the bottom of the ݊௧௛ layer. 
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4  Constitutive equations 
 
The stress-strain relations for an orthotropic material in material coordinates 
ଵݔ

௠, ଶݔ
௠, ଷݔ

௠ can be written in matrix form as follows [10, 16-18]: 
 

ۏ
ێ
ێ
ێ
ۍ
ଵߪ
ଶߪ
଺ߪ
ସߪ
ےହߪ

ۑ
ۑ
ۑ
ې

ൌ

ۏ
ێ
ێ
ێ
ۍ
ܳଵଵ
ܳଵଶ
0   
0   
0   

ܳଵଶ
ܳଶଶ

0
0
0

0
0
ܳ଺଺
0
0

0
0
0

݇ଶܳସସ
0

0
0
0
0

݇ଶܳହହے
ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ۍ
ଵߝ
ଶߝ
଺ߝ
ସߝ
ےହߝ

ۑ
ۑ
ۑ
ې
 (28) 

 
where ݇ଶ is the shear correction factor which is taken as 5 6⁄  [16-20]. The normal 
stress in the thickness direction is neglected. The reduced stiffnesses ܳ௜௝ are given 
by 
 

ܳଵଵ ൌ
ଵܧ

1 െ ଶଵߥଵଶߥ
 

(29)

ܳଶଶ ൌ
ଶܧ

1 െ ଶଵߥଵଶߥ
 

 

ܳଵଶ ൌ
ଶܧଵଶߥ

1 െ ଶଵߥଵଶߥ
 

 
ܳସସ ൌ  ଶଷܩ

 
ܳହହ ൌ  ଵଷܩ

 
ܳ଺଺ ൌ  ଵଶܩ

 
The stress-strain relation can be defined in local coordinates ݔଵ, ,ଶݔ  ଷ byݔ

introducing the transformed reduced stiffness matrix ࡽഥ ൌ  ࢀࡽ்ࢀ
 

ۏ
ێ
ێ
ێ
ۍ
ଵଵߪ
ଶଶߪ
ଵଶߪ
ଶଷߪ
ےଵଷߪ

ۑ
ۑ
ۑ
ې

ൌ

ۏ
ێ
ێ
ێ
ۍ

തܳଵଵ
തܳଵଶ
തܳଵ଺
0
0

തܳଵଶ
തܳଶଶ
തܳଶ଺
0
0

തܳଵ଺
തܳଶ଺
തܳ଺଺
0
0

0
0
0   
തܳସସ
തܳସହ

0
0
0

തܳସହ
തܳହହے

ۑ
ۑ
ۑ
ې

ۏ
ێ
ێ
ێ
ۍ
߳ଵଵ
߳ଶଶ
߳ଵଶ
߳ଶଷ
߳ଵଷے

ۑ
ۑ
ۑ
ې
 (30) 

 
In the transformation matrix ࢀ given below the angle between the ݔଵ-axis and 

ଵݔ
௠-axis is defined by ߠ. 

 

ࢀ ൌ

ۏ
ێ
ێ
ێ
ۍ  ߠଶݏ݋ܿ

 ߠଶ݊݅ݏ
sin ߠ cos ߠ

0
0

ߠଶ݊݅ݏ
ߠଶݏ݋ܿ

െ sin ߠ cos ߠ
0
0

െ2 sin ߠ cos ߠ
2 sin ߠ cos ߠ

ߠଶݏ݋ܿ െ ߠଶ݊݅ݏ
0
0

0
0
0

cos ߠ
െsin ߠ

0
0
0

sin ߠ  
cos ߠ ے  

ۑ
ۑ
ۑ
ې
 (31) 
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5  Results 
 
To observe the large deformation behaviour of laminated composites, the structures 
are loaded until the prediction of the first ply failure by using the maximum stress, 
Hashin’s and Tsai-Wu criteria. 

Several plates constructed of glass/epoxy are considered with different fiber 
angles and boundary conditions. Material properties used in the analysis are given in 
Table 1. In the finite element analyses a mesh with 600 three noded triangular 
elements and 341 nodes is used for all cases. Deformed shapes of 2.8 mm thick 14-
layered symmetric laminates having in-plane dimensions of 300 mm × 100 mm are 
depicted for the stacking sequences of [0/90/0/90/0/90/0]s, [15/-15/15/-15/15/-
15/15]s, [30/-30/30/-30/30/-30/30]s, [45/-45/45/-45/45/-45/45]s and [60/-60/60/-
60/60/-60/60]s. First ply failure loads are determined for each laminate, and load-
deflection characteristics are compared. 

 

          
E1 = 139400 MPa   XT = 1537.2 MPa 
E2 = 7650 MPa   XC = 1722.4 MPa 
E3 = 4350 MPa   YT = ZT = 42.7 MPa 
G12 = G13 = 4350 MPa YC = ZC = 42.7 MPa 
G23 = 1020 MPa   R = 79.7 MPa 
ν12 = ν13 = 0.29   S = T = 102.4 MPa 
ν23 = 0.49   t = 0.2 mm/ply 

 
Table 1 Material properties of graphite/epoxy material 

 
Starting with Figure 1; it is noticed that first ply failure loads are highest for [15/-

15/…]s laminated plate and decrease with increasing ply angles seeing the minimum 
at [60/-60/…]s plate, except the plate with [0/90/…]s stacking sequence for one end 
clamped case. Moreover the highest and lowest first ply failure loads are obtained, 
respectively, by maximum stress and Tsai-Wu criteria where Hashin’s criterion 
results lie in between. The [0/90/…]s plate displays moderate first ply failure 
strength since it includes both 0° and 90° plies. As the ply angle increases the load 
carried by the matrix increases and matrix failure becomes dominant. Considering 
that the matrix strength values are quite low, early failure at 90° plies is expected. 
On the other hand; the fiber strength values are extremely high and 0° plies fail at 
considerably high load levels. Similar behaviors are observed for the clamped roller 
and both ends clamped cases which are given in Figure 2 and 3, respectively. For all 
the end conditions; the difference between the maximum and minimum first ply 
failure loads that have been obtained for different ply angles, are significant. Thus; it 
can be concluded that first ply failure loads are decreasing with increasing ply angles 
except [0/90/…]s plate which shows an average first ply failure load compared to 
other stacking sequences and also first ply failure loads obtained by the maximum 
stress, Hashin’s and Tsai Wu criteria are in decreasing order. 
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Figure 1: First ply failure loads of one end clamped plates 
 
 
 
 
 
 
 

 
 

Figure 2: First ply failure loads of clamped roller plates 
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Figure 3: First ply failure loads of both ends clamped plates 
 
 
 
 

Reviewing Figures 4, 5 and 6, it is seen that the maximum midsurface deflection 
values that have been observed at the first ply failure decrease with respect to 
increasing ply angles. Also, the maximum midsurface displacement values obtained 
at first ply failure load by maximum stress criterion are the highest; the smallest 
values are calculated by Tsai Wu criterion, whereas the values found by Hashin’s 
criterion are in between. Noting the maximum midsurface deflections for [0/90/…]s 
plate; it can be said that, the resulting maximum displacement values determined by 
the three failure criteria are almost equal for each end condition. The maximum 
midsurface displacement results follow a similar trend with the first ply failure loads 
in terms of ply angles and failure criteria for all end conditions. 
 

Although three different failure theories are considered to determine the first ply 
failure loads and maximum midsurface displacements for all laminates by the 
developed code, the related deflection plots are depicted in Figures 7, 8 and 9 only 
for the maximum allowable loads obtained by the Tsai-Wu criterion. As seen in 
Figure 7, the largest and smallest midsurface deflections are obtained, respectively, 
for [15/-15/…]s and [60/-60/…]s plates for one end clamped cases. The maximum tip 
deflection is as high as 164 mm which is almost 55% of the beam span. The 
minimum tip deflection is 130 mm and the difference between the maximum and 
minimum deflections, considering all ply angles, is about 10% of the beam length. 
The same tendencies are observed for clamped roller and both end clamped plates 
although the maximum deflection values found are about 10 % and 3 % of the beam 
span for these cases, respectively. 
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It is also observed that, although considerably large differences found for first ply 
failure loads determined at different ply angles, the variation for maximum 
midsurface deflections is about 10 % considering each end condition. 
 
 

 
 
Figure 4: Maximum tip displacement at first ply failure for one end clamped plates 

 

 
 

Figure 5: Maximum midsurface displacement at first ply failure for clamped roller 
plates 
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Figure 6: Maximum midsurface displacement at first ply failure for both ends 
clamped plates 

 
 
 
 
 
 

 
 

Figure 7: Deflection of one end clamped plates 
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Figure 8: Deflection of clamped-roller plates 
 
 
 
 
 
 
 

 
 

Figure 9: Deflection of both ends clamped plates 
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6  Conclusions 
 
In the content of this study, the first ply failure and large displacement 
characteristics of the laminated flat composite plates made up of glass-epoxy 
composite are investigated through the use of the developed code. According to the 
current work, the following conclusions have been acquired: 
 

1. The large displacements obtained to observe the first ply failure for all the 
cases analysed indicate that nonlinear deformation analysis is necessary for 
thin plates similar to those that have been considered in this study. 

2. The results of the simulations showed that the first ply failure loads are found 
to be decreasing with increasing ply angles. 

3. It is observed that the maximum stress criterion results in the highest first ply 
failure loads and the Tsai-Wu criterion yields the lowest first ply failure loads, 
whereas results of the Hashin’s criterion lies in between. 

4. It is found out that the displacements at first ply failure are decreasing with 
increasing ply angles for the same stacking sequence. 

5. The maximum displacements are obtained from the maximum stress criterion, 
the minimum displacements are found from the Tsai Wu criterion, whereas 
the displacements obtained by the Hashin’s criterion are in between. 

6. A comparison for boundary conditions shows that as the boundary conditions 
get stiffer the first ply failure loads increase and the deflections experienced 
decrease. 
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