©Civil-Comp Press, 2012

Proceedings of the Eleventh International Conference
on Computational Structures Technology,

B.H.V. Topping, (Editor),

Civil-Comp Press, Stirlingshire, Scotland

Paper 101

Free vibration Analysis of Laminated Plates using
Wavelet Collocation and a Unified Formulation

A.J.M. Ferreira', E. Carrera’ and L. Castro®
' Departamento de Engenharia Mecéanica
Faculdade de Engenharia da Universidade do Porto, Portugal
2 Department of Aeronautics and Aerospace Engineering
Politecnico di Torino, Italy
? Departamento de Engenharia Civil e Arquitectura
Instituto Superior Técnico, Lisboa, Portugal

Abstract

A study of free vibrations of shear flexible isotropic and laminated composite plates
with the Carrera’s unified formulation is presented. The analysis is based on collo-
cation with a Deslaurier Dubuc interpolating basis to produce highly accurate results.
The high order collocation method presented in this paper proved to be very accurate
for this type of problems and the numerical efficiency is as good as other numerical
schemes, such as finite element solutions.
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1 Introduction

This paper deals with the free vibration analysis of composite plates by a wavelet
collocation method [1, 2]. The unified formulation by Carrera [3, 4, 5, 6] is used to
model the kinematics of the laminated plate deformations.

The analysis of static deformations and free vibration of shear-flexible plates by
numerical techniques, was performed by [20, 10, 22], using the differential quadra-
ture method. In [9, 31, 27]) the finite element method was used with success. More
recently the analysis of isotropic and laminated plates by Kansa’s non-symmetric ra-
dial basis function collocation method was performed by Ferreira [13, 19, 76, 78, 77,
87, 14, 16].

The method employed for the numerical solution is a collocation method based on
Deslaurier-Dubuc interpolating basis in hierarchical form [35].



2 Interpolating Wavelets

The Deslaurier-Dubuc fundamental function [36] of order N = 2L + 1 is defined as
the autocorrelation of Daubechies scaling functions, ¢, [37], as follows:

0(0) = [ on0)only -~ x)dy )
R
The scaling function ¢, satisfies the following properties:

1. supp¢r =[0,2L + 1].

2. ¢, € W2 for some R > 0 (R is proportional to L): |(d*/dz*)¢.| < C, for
all integers s, with com 0 < s < R/2;

3. ¢y, is orthogonal to all its integer translates: [ ¢ ()¢ (x — k) dx = oy,

4. All polynomials up to order L can be exactly represented as a linear combination
of function ¢, and all its integer translates.

As a consequence of the above properties, function ¥ satisfies:

1. supp¥ = [-N,N|, and o € Whee,

2. Due to the orthogonality of the translates of ¢y, the function ¢ presents the
follwing interpolating property:

d(n) = / o1()ory — 1) dy = b0 )

3. All polynomials up to order N can be exactly represented as a linear combina-
tion of function ¥ and all its integer translates.

Based on the fundamental function 4 it is possible to build the complete wavelet
system on R. As described in detail in [1], tensor products will lead to wavelet systems
on R,

Following the ideas and techniques described in [38, 39], it is the possible to build
a Deslaurier-Dubuc wavelet system on the interval [0, 1]. As described in [34] for
J > jo = [logy(N/2)] + 1 we define
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where the coefficients a,; and b, are defined by:
ank = U, (n277), bk = 1 (n277), (6)

and where ljl-/Lc and Z?k represent Lagrange interpolation polynomials of degree L, de-
fined by:

) x — 27 ) e
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ik ik
An interpolating multiresolution analysis (MRA) on the interval [0, 1] is defined by
a set of closed subspaces V; = span < ¥, k=0,.,27 > C L*0,1). By using
tensor products it is then possible to define a multiresolution on the square [0, 1]%. The
two dimensional scaling functions ¥k, k = (ki,k2) € G; = {0, ..,27}? are defined
by

Vjx = Ujy @ Uik, (8)

The subspace V; is the defined by:
V; = span < 9,1, k= (ki,ko) € {0,..,27}* > )

It is easy to define an interpolation operator L; : C°([0,1]*) — V;

Lif =Y f(k/2)0)x. (10)

kGGj

The wavelet basis for the complement space W; = (L;+1 — L;)V,4; is composed by
the functions

%(-711;0) = Jjr108-1 @ Vjon, (11)
wy(‘,olil) = U2k @ V1261 (12)
%(-711;1) = Ujs12k-1 © Vjt1.2k1 (13)

and a hierarchical basis for V; can be assembled as

j—1
{joser k= (k1 ko) € {0, ., 200 | {wbid il i k= (kv ko) € {0,..,2™}
m=jo
(14)
The grid points corresponding to the scaling functions and the wavelets are defined
by:
Gx = (k1277 k277). (15)

For the sake of simplicity we will use the following compact notation: given \ =
(n,4,k) withn € = = {0,1}*\{0,0}, j > jo, and k such that {7, € [0, 1]*, we define

1/])\ = 1/);]710 5)\ - Zk- (16)



Any continuous function f € C°(]0, 1]?) can be expanded in the form

F= > Bkt > axby, (17)
ke{0,..,270}2 AEA
where
A={(n.j.k), n € E,j > jo,ksuch that 7, € [0,1]*} (18)

denotes the set of compact indexes.

It can be shown [34] that the scaling functions are responsible for representing f at
a given level of resolution and the wavelets define the detail that is necessary to add
to switch from one level of resolution to the following. Consequently, the value of the
wavelet coefficents, oy, allow for the identification of the region of the domain where
details are important, which correspond to the regions where the discretization should
be improved.

3 Collocation technique

This section briefly describes the collocation method based on Deslaurier-Dubuc inter-
polating wavelets. We consider here an uniform discretization, though the collocation
method that we present does not a priori require the uniformity of the grid and can
easily be adapted to the case of non uniform grids of dyadic points. For any j > jo,
let the dyadic grid G; be defined by

G ={¢x, ke{0,---,27}%}. (19)

In order to take into account the boundary conditions, the grid G; is subdivided
into a set of interior nodes and sets of Neumann and Dirichlet boundary nodes. It is
then possible to write:

_ (N) (D)
with

Problem (P) can be discretized as follows:
Find u € V; such that

Auy(p) = f(p) for all nodes p € Gy) (20)
u,(p) = g(xy) for all nodesp € GE-D) (21)
Buy(p) = t(p) for allnodesp € G§-N) (22)



4 The Unified Formulation

The unified formulation (UF) proposed by Carrera [3, 4, 5, 6], also known as CUF, is a
powerful framework for the analysis of beams, plates and shells. This formulation has
been applied in several finite element analyses, either using the Principle of Virtual
Displacements, or by using the Reissner’s Mixed Variational theorem. The stiffness
matrix components, the external force terms or the inertia terms can be obtained di-
rectly with this UF, irrespective of the shear deformation theory being considered.

In this section the Carrera’s unified formulation [3, 4, 5, 6] is briefly reviewed. It
is shown how to obtain the fundamental nuclei, which allows the derivation of the
equations of motion and boundary conditions, in weak form for the finite element
analysis; and in strong form for the present RBF collocation.

4.1 Governing equations and boundary conditions in the frame-
work of Unified Formulation

Although one can use the UF for a one-layer, isotropic plate, a multi-layered plate
with N, layers is considered. The Principle of Virtual Displacements (PVD) for the
pure-mechanical case reads:

2 / / {dcke" ot + ok ok} dudz = 3 oL (23)
k=1

k=1, A,

where ) and A, are the integration domains in plane (z,y) and z direction, re-
spectively. Here, k indicates the layer and 7' the transpose of a vector, and 6 L* is the
external virtual work for the kth layer. G means geometrical relations and C' constitu-
tive equations.

The steps to obtain the governing equations are:

e Substitution of the geometrical relations (subscript G)
e Substitution of the appropriate constitutive equations (subscript C)

e Introduction of the unified formulation

Stresses and strains are separated into in-plane and through-the-thickness compo-
nents, denoted respectively by the subscripts p and n. The mechanical strains in the
kth layer can be related to the displacement field u* = {u}, u}, u}} via the geometri-
cal relations:

GI;G = [fxza €yys Pny]kT = Dzuk ) (24)

EZG’ = [szvﬁyyzv Ezz}kT = (szp + Dﬁz) u” )



wherein the differential operator arrays are defined as follows:

d, 0 0 00 0, 2, 0 0
D=0 9, 0|, Di,=|00 9, |, Di,=|0 9. 0|,
Oy 0 0 00 O 0 0 0.
(25)
The 3D constitutive equations are given as:
Cpp pG+Cpn nG (26)
Cnp pG + Cnn nG
with
[ Cll C(12 016 ] 00 C(13
Cl;p = | Cia G O Cl;n =0 0 Cy
| Ci6 Co Cos | 0 0 Css
- (27)
0 0 0 Css Cys 0
Ci,=| 0 0 0 Ckt =1 Cps Cu 0
| C13 Coz Csg | 0 0 Css

According to the unified formulation by Carrera, the three displacement compo-
nents u,, u, and u. and their relative variations can be modelled as:

(Ug, Uy, Uz) = Fr (Ugr, Uyr, Usr) (0Uy, 0y, Ou,) = Fy (0Uys, Otys, SUuzs)  (28)

with Taylor expansions from first up to 4" order: Fy = 2° = 1, F} = 2} = 2, ..,
Fy =2V, ..., Fy = 2" if an Equivalent Single Layer (ESL) approach is used.

Substituting the geometrical relations, the constitutive equations and the unified
formulation into the variational statement PVD, for the kth layer, one has:

/ / [(D'; F,ouf)"(Ck DE Fouf + CE (DL, + D) Frul)

pp—— P
Qp Ag

+ ((D¥q, + D ) F,6u)T(Ck DE Fouk + C, (DE, + DE) Tuﬁ)}dﬂkdz = 5Lk
(29)

At this point, the formula of integration by parts is applied:

/ ((Dg)sa*)" akdsy, = — / sa*" ((Dh)a*) dy+ / sa*" ((1g)a*) dT', (30)
Qp Q Ly

where the I, matrix is obtained applying the Divergence theorem:

oy dv = fni@/}ds 3D
q Ox; r




In (31) n; are the components of the normal 72 to the boundary along the direction
1. After integration by parts, the governing equations and boundary conditions for the
plate in the mechanical case are obtained:

//( 5U§)T[((_D’;)T(CZP(D1;> +Ck (DkQ+D )
O Ay

+ (— Dty + DE ) (CE (D) + CF (DK, + DE )))F Fu]d:cdydz

+ [ [ oty (4 (Dl + cb (Dl + D)

Qk Ak
+ I (Cr, (D) +Cf§n(D§Q+D§z))>F F.u }dxdydz = / sutt F,pFaqy, .
Qp
(32)
where I’; and Iﬁp depend on the boundary geometry:
ng, 0 0 0 0 n,
=10 mn, O, ¥ =100 n, |. (33)
ny ng 0 00 O

The normal to the boundary of domain (2 is:
fi = { i ] - { cos(¢pz) ] (34)
ny cos(ipy)
where ¢, and ¢, are the angles between the normal 7 and the direction = and y

respectively.

The governing equations for a multi-layered plate subjected to mechanical loadings
are: .
v K\ uf = Py (35)

S : uu ’7'

ou

where the fundamental nucleus K*7¢ is obtained as:

K. | (= D})"(CL(D}) + Cf, (Dkg + DA)

b (- Dk D) (CL (D) + O (D + DA |EE,
and the corresponding Neumann-type boundary conditions on ', are:
I uy = I G (37)
where:
I = |17 (Ch,(D)) + Ch, (Dig + D))+ .

L7 (Ch, (DY) + Ck, Dk, + D) | PP,

and P*_ are variationally consistent loads with applied pressure.



4.2 Fundamental nuclei

The fundamental nuclei in explicit form are then obtained as:
KF7s =(—0185C1y — 870;C16 + 018 Css — 87 0C16 — 030: Cog) F
KF7s =(=018; Cia — 8705C16 + 018 Cas — 8705 Cg — 78: o) F Fy
K8 —(—0708Chy — 0705 Clyg + 070 Clas + 910 Cs5) . F,
KF7s =(=0785Chy — 8707 Cag + 018 Cias — 810:C1 — 030 Co) F Fy
KSZ; =(—0,0,Cay — 0,0,Cz6 + 070;Cyy — 9;0,C6 — 0;0,Ci5) F; Fs (39)
Kfj;jg :(—8;82023 — 0;0;C36 + 0,0, Cus + 0705Cy5) F, F
Kme =(0185C5 + 0;0,C36 — 0,0;Cys — 0;,0;C55) FL F
(
(

Kne =(070;Chs 4 0705Cs — 0;05Cy — 970;C5) FL F

uu32

K =(0105Cs3 — 0;05Cu — 07 05Cu5 — 0705Cu5 — 0705C55) FL Fy

IIi7* =(n,05C11 + ne05Che + 1y 05 Ci + 1y 05 Cog) F F
I117° =(n,05C1a + ned5Ch6 + 1y 05 Cag + 1y 05 Ce) F Fs
1177° =(n,0:Ci3 + ny0:Cag) F, F

TAT® =(ny95C12 + 1,02 Cog + 1,05 Cl + 1,0 Coss) Fy Fy

kts __
H23 -

ng;s = nyﬁngg + nyﬁngg -+ nmajC% + nxajC%)FTFs (40)
157 =(n,0:Cys + np0:Css) F, F,

ng;’s = nyajC44 + nx82045)FTF5

(
(
(
(
(1y 92 Cis + 1y 05 Csg) F Fly
(
=(
B

1y Caa + 1@ Cs + 1,0 Cas + 1,0 Css) Fy F

4.3 Dynamic governing equations

The PVD for the dynamic case is expressed as:

N; N, Ny
Z // {&I;C;Taﬁc + 562GTU7I§C} dQ.dz = Z //pk5ukTﬁdede + ZCSLI;
k=1

k=1 Qi Ag k=1 Qi Ag
(41)

where p” is the mass density of the k-th layer and double dots denote acceleration.

By substituting the geometrical relations, the constitutive equations and the unified
formulation, we obtain the following governing equations:

out' o KEeuh = -MMEE 4 P (42)
In the case of free vibrations one has:
sut’ KFsub = —MFik 43)



where M*7¢ is the fundamental nucleus for the inertial term. The explicit form of
that 1s:

MT® = p"FLF; Mig* =0; M{5° =0 (44)
METs = 0; MYs = p"E.Fy; MY =0 (45)
METs = 0; MES =0, MN* = pFF,F, (46)

The geometrical and mechanical boundary conditions are the same of the static
case.

Taking into account a sinusoidal higher-order shear deformation theory, we choose
vectors [y = [1  z sin(wz/h)] for displacements u, v, w.

5 Numerical examples

5.1 Natural frequencies of composite plates

We now consider square laminated plates, where all layers of the laminate are assumed
to be of the same thickness, density and made of the same linearly elastic composite
material. The following material parameters of a layer are used:

E
Fl = 10,20, 30 or 40; G12 = G13 = 0.6F5; G5 = 0.5E5; 115 = 0.25
2

The subscripts 1 and 2 denote the directions normal and transverse to the fiber
direction in a lamina, which may be oriented at an angle to the plate axes. The ply
angle of each layer is measured from the global x-axis to the fiber direction.

The example considered is a simply supported square plate of the cross-ply lami-
nation [0°/90°/90°/0°]. The thickness and length of the plate are denoted by % and a,
respectively. The thickness-to-span ratio 2/a = 0.2 is employed in the computation.
Table 1 lists the fundamental frequency of the simply supported laminate made of var-
ious modulus ratios of F;/FEs. It is found that the results are in very close agreement
with the values of [88] and the meshfree results of Liew [90] based on the FSDT. The
relative errors between the analytical and present solutions are below 1%.

In Table 2, we consider a three-layer laminate [0°/90°/0°], with clamped bords with
E\/E, = 40. The normalized frequencies are obtained as w = (wb?/m*)\/ph/ D,
where Dy = FE>h3/12(1 — vya11). Square (a/b = 1.0) and rectangular (a/b = 2.0)
plates are considered. Results are compared with solutions by Liew [21] and Zhen
and Wanji [32], as well as radial basis functions and pseudospectrals by Ferreira and
Fasshauer [17], and show excellent agreement with these solutions.



Method Grid Ey/FE;

10 20 30 40
Liew [90] 82924 9.5613 10320 10.849
Exact [88][33] 8.2982 9.5671 10326 10.854

Radial basis functions 9 x 9 8.2540  9.4986 10.2320 10.7341
13 x 13 8.2525 94974 10.2308 10.7329
17 x 17 8.2526 9.4974  10.2308 10.7329

Wavelets (present) 9x%x9 12.2487 13.1468 13.6379 13.9596
17 x 17 82794 9.5375 10.2889 10.8117
33 x 33 82793 9.5375 10.2889 10.8117

Table 1: The normalized fundamental frequency of the simply-supported cross-ply
laminated square plate [0°/90°/90°/0°] (w = (wa?/h)\/p/E2, h/a = 0.2)

6 Conclusions

A study of the free vibration of shear flexible isotropic and laminated composite plates
with a unified formulation was presented. The analysis is based on a collocation
method by wavelets.

The results show excellent accuracy of the present method in the free vibration
analysis of composite and sandwich plates.

The present method shows excellent agreement with finite element solutions.
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a/bb/h __ Mode T 2 3 7 5 6 7 8
5
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