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Abstract 
 
The subject of the present paper is an innovative approach to the investigation of the 
non-uniform torsional behaviour of prismatic beams taking into account the 
secondary torsional moment deformation effects. This investigation contains 
computational and experimental parts for both open and closed thin-walled cross-
sections. Results of original experimental measurements of some warping-torsion 
features will be presented and compared with the ones obtained analytically and 
numerically. The necessity of considering the warping effects for closed thin-walled 
beams are studied and evaluated. The accuracy and the correctness of the results 
obtained are evaluated and discussed. The main novelty in this study is the 
measurement of some of the most important warping parameters, especially for 
closed cross-sections. These measurements prove the importance of warping 
consideration in non-uniform torsion of open and closed thin-walled profiles, and 
also the necessity of considering the secondary torsion moment deformation effect, 
especially in closed cross-sections. 
 
Keywords: non-uniform torsion, warping, open and closed cross-sections, 
measurement and numerical calculation, secondary torsional moment deformation 
effect. 
 
1 Introduction 
 
The effect of warping must be assumed in stress and deformation analyses of 
structures above all with thin-walled cross-sections loaded by torsion. Warping 
effects occur mainly at the points of action of the concentrated torsion moments 
(except for free beam ends) and at sections with free-warping restrictions. Special 
theories of torsion with warping – non-uniform torsion – have been used to solve 
such problems analytically (e.g. [1]). The analogy between the 2nd order beam 
theory (with tensional axial force) and torsion with warping is also very often used 
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(e.g. [2], [3]). One has to point out that in the literature and practice, as well as in the 
EC-3 [4] and EC-9 [5] guidelines, strong warping is assumed to occur in open cross-
sections only. Warping-based stresses and deformations in closed sections, however, 
are assumed to be insignificant and have been therefore neglected. 
According to the above mentioned theory of torsion with warping and the analogy, 
special 3D-beam finite elements have been designed and implemented into the finite 
element codes (e.g. [6], [7]). The warping effect is included through an additional 
degree of freedom at each nodal point - the first derivative of the angle of twisting of 
the beam cross-section. Important progress in the solution of torsion with warping 
has been reached in papers [8] and [9] where a combination of boundary and finite 
element method was used allowing a warping analysis for composite beams with 
longitudinally varying cross-section. 
However, latest theoretical results have shown that the effect of warping must be 
considered in the case of non-uniform torsion of closed-section beams [10]. For 
prismatic beams, the analogy between the torsion with warping (including the 
secondary torsion moment deformation effect) and the 2nd order beam theory 
(including the shear force deformation effect) has to be used. This approach was 
implemented into the computer code IQ-100 [13]. This analogy does not hold for 
non-prismatic beams [11]. According to the last research results in this area ([10], 
[11], [12], [14]), the local stiffness relation of a new two-node finite element for 
torsion with warping of straight beam structures is presented in contribution [15]; 
again based on the above-mentioned analogy. The warping part of the first 
derivative of the twist angle has been considered as the additional degree of freedom 
in each node at the element ends which can be regarded as part of the twist angle 
curvature caused by the warping moment. This new finite element can be used in 
non-uniform torsion analyses of constant open and closed cross-section beams. 
Finally in [16], the boundary element method has been applied in the non-uniform 
torsion analysis of simply or multiply connected bars of doubly symmetrical 
arbitrary constant cross-section, taking into account secondary torsional moment 
deformation effects. Necessity of the non-uniform torsion effect in the analysis of 
close shaped cross-section has been confirmed. 
It has been concluded in various papers and studies (e.g. [11], [15], [16]) that results 
given by the classical thin tube theory and numerical analyses can differ 
significantly in the stress calculation especially in the analysis of the closed cross-
sections if the effect of secondary torsion moment deformation effect is neglected. 
Additionally, the inaccuracy of the thin tube theory in calculating the secondary 
torsion constant even for closed thin-walled cross-sections has been observed in 
[16], [17]. 
Hence, it is straightforward to carry out measurements of the most significant 
features of non-uniform torsion: the total torsion angle, warping displacement and 
the normal stress caused by bimoment. The measurement results can then be used in 
evaluation of the calculated results obtained by several theories and commercial 
software outputs. It is worth here noting that there is a lack of relevant experimental 
results available in literature. This was a strong motivation for the authors to deal 
with design of a new measurement device which would be able to measure some 
deformation effects and normal stress caused by non-uniform torsion. The aim of 
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this paper is also the presentation of this new measurement device [18] which was 
used in verification and evaluation of the results obtained by the above mentioned 
theories. Predominantly, the measurement of some major warping effects will bring 
proof for the necessity of normal (bimoment) stress consideration in the design and 
analysis of closed thin-walled beams. 

 
 

2 Design of the measurement device 
 
The measurement device (Figure 1) consists of a welded base frame to which the 
measured beam is attached via a set of supporting clamps enabling fixed (clamped) 
binding. At this particular position, all six DOFs are restrained. Four closed-section 
braces are welded onto the base holding a circular bearing jewel in which a radial 
ball-bearing is set. A hollow two-arm-hub is rotating in the bearing. Dimensions of 
the measured beam are limited by the hole of the hub. An exchangeable steel hub-
disk is designed to enable torsion moment application – via a twisting force couple – 
onto individual beams. The force application is realized by two teflon screws with 
spherical endings. The hub-disc is fastened to the hub via four safety bolts. The 
centre-line of the hub’s arms runs through the centre of the measured sample. Both 
arms have specially shaped cut-offs with splineways and holes. The tension wires 
are guided through splineways, set of rollers to a tension gear. This mechanism 
enables the torque application and restrictions at one end of the beam result in non-
uniform torsion. The measurement device provides opportunities to measure some 
parameters of non-uniform torsion. A laser-device is fixed on one of the rotating 
hug-arms while its projection (e.g. onto a wall) enables the total torsion angle 
calculation. The total warping displacements is measured via a micro-displacement-
meter. Longitudinal normal (bimoment) stress distribution is calculated from 
measured values of strain via a set of attached resistant strain gauges and a logger. 
Results are then compared with theoretical predictions.  

 

 
 

Figure 1: Prototype of the measurement device – the mechanical parts. 
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Mechatronic set-up (Figure 2) used for the measurement of non-uniform torsion 
deformation and stress is as follows: linear strain gauges (HBM 6/12LY11 type), 
universal amplifier QuantumX MX440 A and a laptop with software for acquisition 
of measurement data Catman®Easy. 
 
 

 
 

Figure 2: The measurement parts and equipments. 

 
The measurement device was designed and fabricated at Department of Applied 
Mechanics and Mechatronics of IEAE of FEI STU in Bratislava. 
 
 
 
 
 
 
 
 
3 Theoretical base for torsion with warping including the 

secondary torsion moment deformation effect 
 
 
3.1 Semi-analytical approach 
 
As previously mentioned, the effect of warping must be considered also in the case 
of torsion of constant closed-shaped cross-sections [3], [11], [14]. The analogy 
between the torsion with warping (including the secondary torsion moment 
deformation effect) and the 2nd order beam theory with tensional axial force 
(including the shear force deformation effect) can be used in this case. The 
analogical variables and constants, differential expressions and equations, boundary 
conditions and expressions for stress and deformations calculations are described in 
[14] in full length.  
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Fig. 3. Analogical state variables 
 
Similar to the derivation of transfer matrices for the 2nd order beam theory for 
constant cross-section under shear force deformation effect, and after 
implementation of the analogical variables according to Figure 3, the transfer matrix 
for torsion with warping has been constructed [3]: 
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These transfer functions can be calculated also by the special exponential functions 
described in [10]. Here: ( )xϑϑ =  - is the twist angle transfer function and iϑ  is its 
value at node i; ( )xMM ϑϑ ′=′  - is the warping part of the first derivative of the twist 
angle transfer function and Miϑ′  is its value at node i;  ( )xMM ωω =  - is the 
bimoment transfer function and iMω  is its value at node i; ( )xMM TsTs =  is the 
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secondary torsion moment transfer function and TsiM is its value at node i. The 

stiffness constants are: 
ωEI
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The arbitrary cross-sectional characteristics are described by: A – cross-sectional 
area [m2]; IT – torsion constant [m4]; ITs – secondary torsion constant [m4]; ωI - 
warping constant [m6]. Material properties: E – elasticity modulus; G – shear 
modulus. 
The secondary torsion moment deformation effect is encountered through constant 
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neglected. This is usually made in the case of open form cross-sections where the 
effect of the secondary torsion moment has been assumed insignificant. Deformation 
effect of the secondary torsion moment must be considered first of all in the case of 
the closed form cross-sections as demonstrated in [3]. 
The expressions for calculation of the secondary torsion constant (denoted as ITs) 
depend on the cross-section type. These can be found in [8] and [12], for example. 
This approach was implemented into the computer code IQ-100 [13], which can be 
used in analysis of torsion with warping of the closed and opened thin walled cross-
sections. 
 
 

3.2 Finite and boundary element method approach 
 
The above-described transfer functions with Lx =  (L is the length of the rod) have 
been originally used to establish the local stiffness relation of the finite element for 
torsion of a straight beam structure with warping [15]. Despite authors’ efforts, no 
other finite element designed for warping-torsion including the secondary torsion 
deformation effect has been found in literature to the present date. 
Significant contribution, from point of view of secondary torsion moment 
consideration and verification of necessity of the warping inclusion into the torsion 
of the solid and closed cross section analysis, was presented in papers [16] and [17]. 
In these papers, the Boundary Element Method (BEM) has been used for the 
solution of such problems inclusive calculation of the secondary torsion and warping 
constants. 
Figure 4 shows a prismatic beam element of length L with two nodes i and k, and 
with appropriated geometric, static, kinematics and material quantities as described 
above by the semi-analytical approach. In comparison with Figure 3, the classical 
finite element method definition has been used for positive orientation of the nodal 
variables for this approach.  
In order to include the warping, a new degree of freedom is added to the classical 
nodal variables in the stiffness matrix in each element nodal point. The warping part 
of the first derivative of the twist angle ( Mϑ′ ) has been originally considered as the 
additional degree of freedom in each node at the element ends. This can be regarded 
as part of the twist angle curvature which is caused by the warping moment. 
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Figure 4: Prismatic finite element for torsion. 

 
This choice brings advantages when applying the boundary conditions. If the 
secondary torsion moment deformation effect is not considered ( ) ( )xxM ϑϑ ′=′ . 
The nodal displacement vector in the local coordinate system, as shown in Fig. 4, is 
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and the respective nodal load vector is 
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where TiM  and TkM  are the torsion moments, iMω  and kMω  are the warping 
moments at the nodal points. The geometrical meaning of all these kinematics and 
static variables is evident from Figure 4. 
Using the aforementioned transfer matrix relations (1) (after some mathematical 
manipulations) the element local stiffness relation for torsion with warping 
(including the secondary torsion moment deformation effect) has been derived. The 
resultant relation can be written as [15]: 
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For the straight beam structures the local relation (4) coincides with the global one. 
The implementation of the expression (4) into the local equation of the 3D-beam 
finite element is straightforward, and it will be done in our future work. 
When the kinematic and static variables in (4) are known at the nodal points, the 
primary and secondary torsion moment, normal and shear stress can be calculated in 
a usual way [19]. The nodal points’ secondary torsion moments are: 
 

( )MiTTiTsi GIMM ϑκ ′−= ; ( )MkTTkTsk GIMM ϑκ ′−=      (5) 
 

The primary torsion moments at the nodal points are: 
 

;TsiTiTpi MMM −=  TskTkTpk MMM −=       (6) 
 

Expressions for the shear and normal stress calculation depend on the cross-
sectional area type. This problem has been described in detail in [10]. These 
expressions will be now used for stress calculations in our numerical examples. This 
new finite element can be used for analysis of torsion with warping of constant both 
open and closed-shaped cross-sections. 

 
 
 
 

4 Numerical experiment and measurement of non-
uniform torsion of cantilever beams 

 
The aim of this chapter is the experimental verification of theoretical findings that 
the analogy between the torsion with warping (including the secondary torsion 
moment deformation effect) and the 2nd order beam theory with tensional axial 
force (including the shear force deformation effect) holds. The most important 
verification is the experimental proof of the necessity of warping consideration in 
closed thin-walled cross-sections loaded by torsion. Torsion of clamped prismatic 
beams of both open and closed cross-sections will be studied. Obtained results will 
be evaluated and discussed. 
 
 
4.1 U-beam loaded by torsion with warping 
 
The aim of the following investigation is the measurement and calculation of the 
total twisting angle, total warping displacement at the unrestrained end of the beam. 
The normal stress flow along the web of the U-beam caused by the bimoment will 
be determined. 
A prismatic cantilever aluminium beam of length L = 0.821 m and constant U-
shaped cross-section (E = 79 GPa – Young modulus, G = E/(2(1+ν )) = 31.1 GPa – 
shear modulus, 27.0=ν  - Poisson ratio), loaded by torsion moment M = 5.29 kNm 
at its free end is depicted in Fig. 5. 
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Figure 5: Geometrical parameters, normal and shear stress distribution. 

 
According Figure 5, the following cross-section parameters have been chosen and 
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constant. Parameters S1 and S0 are used in shear stress calculation. 
The beam was analyzed with program ANSYS [6], IQ-100 [13], and with new 
effective beam element [15]. 
Prior to the clamping and setting of the beam within the measurement device, a set 
of linear gauges needs to be glued onto the beam surface. At this point, one has to 
point out that the normal stress (and strain) is a function of all coordinates, i.e. 
bimoment changes with the longitudinal direction and warping ordinate changes 
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along the camber line. Therefore a special care has to be given to this process. In our 
experiment, six linear strain gauges (T1 – T6) are glued to the tension side of the 
aluminium beam along its length (Figure 6). Three of them have (T1, T2 and T5) 
have a pair gauge (T7, T8 and T9) placed exactly on the opposite (compression) side 
of the beam as a mirror image. The correct set-up is affirmed when each pair of 
gauges shows identical absolute values of stress. 

 

 
Figure 6: Positioning of the strain gauges. 

 
The twisting force couple (torque) was applied via insertion of weights to the 
tension mechanism of the measurement device. Four values of twisting angle were 
generated and each measurement was repeated ten times. Average values were then 
used for the comparison with theoretical results.  
In theoretical analysis, the outputs being the bimoment, primary and secondary 
torsional moment. These values were determined using the software IQ-100. Normal 
and shear stresses (Figure 5) at any point of the beam can be calculated according to 
[1], [12], [13] and [18], respectively. For this particular U-beam the calculated 
parameters are as follows: maximal normal stress 22.31=ωσ MPa, maximal 
primary shear stress 04.13, =fpτ MPa in the flange, maximal secondary shear stress 

18.1, =wsτ  MPa in the middle of the web. The total torsion angle is o96.5=ϕ . 

Maximum warping displacement calculated is 210)(
)(
∫ ==
l

dx
E
xx σ

ω µm. 

The numerical calculations were obtained using the Beam188 element specially 
designed within the ANSYS software [6]. A fine mesh was used in order to acquire 
the bimoment flow as well as normal and shear stress distribution. Geometrical and 
warping parameters are identical with the ones calculated analytically (see above) 
hence the normal stress AN,ωσ  flow will be derived from ANSYS’ bimoment output. 
Maximum normal stress is 99.30, =ANωσ MPa. The inputs for shear stress 
calculation, e.g. the primary and secondary torsion moments are not available, i.e. 
only a summation of primary and secondary shear stresses is generated for each 

z 

x 

y 

T1 

T2 

T3 

T4

T6 

T7 

L 

yT,i 
T5

T8 

T9 

xT,i 



11 

element. Therefore, at this stage, the experimental analysis will also be restrained to 
normal stresses only. 
The measured sample (Figure 6) has been set within the measurement device 
according to the process described in the measurement set-up section above. The 
applied twisting force couple generating a torque of 29.5=e

TM  kNm and the 
restrictions at the clamped end result in its non-uniform torsion (and bimoment 
distribution). The measurement of normal stress flow along the beam's length has 
been carried out at six positions (Figure 6). Due to the nature and size of the linear 
gauges it is impossible to position them at the very end of the camber line. Their 
positions can be estimated with the precision of about 0.25 mm and need to be taken 
into account when used in comparisons with other methods. Gauges' positions (xT,i - 
longitudinal, yT,i - distance from camber end), measured normal stress ex,ωσ , 
analytical calculations - an,ωσ  (in accordance with [1], [3], [13], [15], respectively) 
and FEM calculations with ANSYS - FEM,ωσ , as well as the difference evaluations 
δex/an are present in Tab. 1. 
 
 
 

analyzed position normal stress difference 

gauge xT,i         
[mm] 

yT,i         
[mm] 

σω,ex 
[MPa] 

σω,an       
[MPa] 

 σω,FEM 
[MPa] 

δex/an      
[%] 

T1 / T7  10 4 22.45 23.32 25.11 3.7 
T2 / T8  95 4.5 16.09 16.31 17.02 1.4 

T3 200 2.75 12.88 11.65 11.72 10.5 
T4 400 2.75 5.92 5.02 4.98 18 

T5 / T9 650 2.75 2.78 1.36 1.38 104 
T6 750 2.5 1.83 0.53 0.54 247.2 

 

Table 1: Comparison of calculated and measured normal stresses in beam's 
longitudinal direction. 

 
 
 
The difference value is calculated as: anexananex ,,,/ /)(100 ωωω σσσδ −⋅= . The first four 
measurements are in good agreement with the theory and numerical results. For the 
last two, the total difference is of about 1.5 MPa. This can refer to the well-known 
fact that for small strains linear gauges do not give accurate results. The total torsion 
angle measured is o12.6=ϕ  and the maximum warping displacement 197=ωx  µm. 
Both agree well with analytical and numerical predictions. 
A more visual interpretation of the normal stress flow is in Figure 7. Theoretical and 
numerical results do not show any significant difference among themselves.  
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Figure 7: Normal stress flow along the beam length: measured values in comparison 

with numerical (ANSYS Beam188) and analytical results at gauges' positions. 
 
4.2 Closed-section beam loaded by non-uniform torsion 
 
As discussed earlier, in literature and papers there is a lack of available experimental 
evidence of non-uniform torsion behaviour for closed-section beams. In this sub-
chapter, the authors present a complex analytical, numerical and experimental study 
of a closed-section prismatic beam loaded by non-uniform torsion bringing an 
experimental proof of the necessity of warping consideration for such structures. In 
addition, a large disproportion in calculations of torsion and warping constants using 
various analytical and numerical approaches will be shown and discussed. 
In the analysis, measurements and calculations for the total twisting angle, the total 
warping displacement at the unrestrained end and normal stress flow will be 
discussed. The measured material properties of the prismatic cantilever aluminium 
beam (Figure 8) are as follows: Young modulus E = 79 GPa, shear modulus G = 
E/(2(1+ν )) = 31.1 GPa and Poisson ration 27.0=ν . 
 

 
 

Figure 8: Geometrical parameters, normal and shear stress distribution. 
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According Figures 8 and 9, the following geometrical parameters have been chosen 
and calculated [12], [19]: L1 = 0.8 m, L2 = 0.15 m, h = 0.058 m, b = 0.018 m, t = s = 
0.002 m, A = 2As + 2AG = 2(hs+ bt) = 0.000304 m2 - the cross-sectional area 
containing the area of the webs As and flanges AG, 

=
+
−

=
bsht
bshthb

R 4
ω 610368.137 −× m2 -  warping ordinate at the corners, ==

3
22 AI Rωω  

-12101.91217 ×= m6 - the warping constant; 8
2

105.73651 
//

)(2 −×=
+

=
tbsh

hbIT m4 - the 

torsion constant, 8
2222 101.4589 

3
)(2)(

)//(20 −×=
+

+

+
=

bh
AA

Ahb
AItbshI

GS

Ts
ω m4 - the secondary 

torsion constant. 
The beam was analyzed using the ANSYS [6] and IQ-100 [13] software, 
respectively and with new effective beam element [15]. 
The clamping process has been followed exactly as in section 4.1. In our analysis, 
five linear strain gauges (T1 – T5) are glued to the tension side of the aluminium 
beam along its length (Figure 9). Gauge T1 has a pair gauge T6 placed exactly on the 
opposite (compression) side of the beam as a mirror image. The correct set-up is 
affirmed when the pair shows identical absolute values. 
The twisting force couple (torque) generating a torque of 100=e

TM  Nm was applied 
via the tension-wire mechanism of the measurement device at position L1. In 
combination with restrictions at the clamped end and position of the torque, this set-
up resulted in non-uniform torsion and bimoment distribution (Figure 10). Four 
values of twisting angle were generated and each measurement was repeated ten 
times. Average values were then used for the comparison with theoretical results.  

 

 
 

Figure 9: Positioning of the strain gauges. 
 

In theoretical analysis, the outputs being the bimoment, primary and secondary 
torsional moment. These values were determined using the classical TTT [1] and the 
software IQ-100. Normal and shear stresses (Fig. 8) at any point of the beam can be 
calculated according to [1], [12], [13] and [18], respectively. For this particular 
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beam and the torsion moment 100=e
TM  Nm, the calculated parameters are as 

follows: maximal bimoment Mω = 0.41 Nm2, normal stress ==
ω

ω
ω

ωσ
I

M R
an,  

77.29= MPa, maximal primary shear stress 95.23
2max, ==

hbt
MTp

pτ MPa, maximal 

secondary shear stress 27.16

)//(64

22max, =

+
+

+
⋅=

tbsh
bhAtI

M
G

RTs
s

ωτ
ω

 MPa. The total 

torsion angle is o56.2=ϕ . Maximum warping displacement calculated is 

185.0)(
)(
∫ ==
l

dx
E
xx σ

ω µm; this value is strongly influenced by the torque position 

and bimoment distribution. 
The numerical calculations were also obtained using the ANSYS’ Beam188 element 
[6]. A fine mesh was used in order to acquire the bimoment flow as well as normal 
and shear stress distribution. Warping parameters, in particular the warping constant 

-12
, 102.15 ×=FEMIω m6, differ from analytical calculations (as pointed out in e.g. [16], 

[17]). Moreover, the element table output data for bimoment at the clamped end give 
Mω,FEM = 0.81 Nm2 and the corresponding maximum normal 41.63, =FEMωσ MPa - 
twice the value determined analytically [1] and [3]. The inputs for shear stress 
calculation are not available (see section 4.1). 
Comparison of analytical and numerical calculations of the cross-sectional and 
warping parameters, maximum bimoment and normal stress values are presented in 
Table 2. The bimoment flow is depicted in Figure 10. 

 
 
 
 
 

parameter   
ANSYS 

Beam188
TTT    

Rubin 
TTT 

classical 

IT [mm4] 59042 57365 57365 

ITS [mm4] - 14589 - 

Iω [mm6] 2150000 1912168 1912170 

ωR [mm2] - 137.37 137.37 

Mω [Nm2] 0.81 0.41 0.48 

σmax [MPa] 63.41 29.77 34.79 
 
 

Table 2: Cross-sectional and warping parameters, maximum bimoment and 
normal stress comparisons: numerical and analytical calculations. 
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Figure 10: Bimoment flow: FEM calculation obtained via ANSYS Beam188, 
classical TTT [1] and semi-analytically [3],[13]. 

 
 
The measurement of normal stress flow along the beam's length has been carried out 
at 5 positions; gauges positions xT,i and yT,i (Figure 9), corresponding measured 
normal stress ex,ωσ , analytical calculations an,ωσ  [3] and FEM calculations with 
ANSYS Beam188 FEM,ωσ  as well as the difference evaluations δex/an are present in 

Table 3. The difference value is calculated as anexananex ,,,/ /)(100 ωωω σσσδ −⋅= .  
 
 

analyzed position normal stress difference  

gauge  xT,i         
[mm] 

yT,i         
[mm] 

σω,ex 
[MPa] 

σω,an       
[MPa] 

 σω,FEM 
[MPa] 

δex/an      
[%] 

T1 / T6  3 4 21.65 24.79 59.55  12.67 
T2  11 4.5 15.67 16.62 27.07  5.72 
T3 19 2.75 11.08 11.21  11.27 1.2 
T4 794 -2.75 -9.64 -11.19  -19.21 13.87 
T5 800 -2.5 -10.97 -13.76 -27.28  20.31 

 

Table 3: Comparison of calculated and measured normal stresses in beam's 
longitudinal direction. 

 
 
A more visual interpretation of the normal stress flow is depicted in Figure 11 
showing significant differences between analytical and numerical (ANSYS) results. 
Experimental investigation has confirmed the proposed analytical and semi-
analytical predictions well. 
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Figure 11: Normal stress distribution along the beam’s longitudinal direction: 

measured values in comparison with numerical (ANSYS Beam188) and theoretical 
results re-calculated to gauges' positions. 

 
 
 
 
 
The first four measurements are in very good agreement with the theory. However, 
there is an almost 2 MPa difference in the last measured value. Also, the total 
torsion angle measured is o25.3=ϕ  which gives a 25.23 % difference in comparison 
with theoretical result. Both discrepancies can be caused by imperfection in the 
external torque application which will be improved with device-modifications 
currently in process. The small values of warping displacement (see above) were 
immeasurable with the micro-displacement-meter. 
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5 Conclusions 
 
This paper represents a valuable contribution in the analysis of thin-walled beams 
subject to non-uniform torsions. Authors’ novel approach includes semi-analytical 
and numerical analyses and measurement of some key warping-torsion features such 
as normal (bimoment) stress flow, torsion angle and warping displacement for both 
open and closed cross-sections. For the measurement a specially designed 
measurement device has been built. The majority of the obtained results are in a 
good agreement with theoretical predictions. However, numerical analysis of the 
closed cross-sections, as carried out using commercial software [6], differs 
significantly from measurement. 
As expected, the importance of the inclusion of warping in the analysis of both open 
and closed cross-sections has been confirmed experimentally. This is in 
contradiction with the widely used eurocodes [4], [5]. The measurements have also 
verified the necessity of the secondary torsion moment deformation effect 
consideration especially in closed cross-sections analyses. 
In their future work, the authors will focus on a complex analysis of thin-walled 
structures that will include the Thin Tube Theory, Boundary Element Method and 
Finite Element Method using beam, shell and solid elements. In addition, the 
disproportion in calculations of the warping constant and secondary torsion constant 
will be analyzed and evaluated. 
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