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Abstract

The non-trivial behaviour of a simple, linear elastic, monoatomic chain is analysed and
then homogeneized/continualized/continuumized by taking into account its dispersive
properties. These are hardly known and provide nontrivial long-range causal features
in the case of an unbounded domain. It is shown that this granular behaviour can be in-
terpreted within continuum models by the presence of pseudo-post-newtonian inertial
forces. The last are usually ignored from the multi-scale numerical coupling methods
that are based on a hypothetical Hamiltonian decomposition of the energy.

Keywords: lattice dynamics, continualization, enhanced continuum model, inertial
forces, wave dispersion, percussion loads.

1 Introduction

With the miniaturization of engineering and the increasing precision of measuring in-
struments, the use of multiscale numerical methods that couple (possibly generalized)
continuum models with atomistic ones increasingly became necessary to account for
and justify the behavior of micro-structures [1]. The dynamic behavior of the simplest
discrete elastic structures is actually already very complex in the linear regime because
of the presence of multiple internal scales of times and lengths [2, 3, 4, 5, 6]. For dis-
crete structures that can be described as atomic lattices, this complexity is embedded
into phonon dispersion relations that are highly non-trivial, but relatively well-known
in some cases although. To describe the behavior of such structures on a macroscopic
scale, many numerical approaches (e.g. finite element method (FEM), generalized
FEM, eXtended FEM, discrete Galerkin method, smoothed-particle hydrodynamics,
quasicontinuum method, etc.) naively rely on the classical continuum (CC) theory
that is non-dispersive as a consequence of neglecting the material intrinsic lengths



Figure 1: The infinite monoatomic chain.

and times of reaction. The CC theory gives however only a very limited description
of the singular behavior of the discrete microscopic structure, since it is supposed to
handle only waves of deformation with both very long wavelengths and very low fre-
quencies, as illustrated hereafter. Many important physical effects such as acoustic
gaps, dispersion, damping and localization of structural vibration modes [2, 7], and
micro-instabilities [8] are therefore missed. As a matter of fact, all these phenomena
are not relevant to the structures of macroscopic size, but actually become dominant
at the scale of the considered microstructures.

In order to provide a theoretical illustration this work considers a very common an-
alytical model that usually serves of comparison for the developments of generalized
continuum models [3, 9, 10, 11, 12, 13, 14] and numerical coupling methods involv-
ing multi-scales and/or multi-physical models [15, 16, 17, 18, 19, 20, 21]. This con-
cerns the non-trivial dynamic behavior of a simple monoatomic chain with linearly
elastic interactions between nearest neighbour atoms (cf. Fig 1) and its equivalent
(quasi-)continuum modeling. Within the considered granular model the atoms are
only allowed to move colinearly (either longitudinally or transversally to the chain)
with u(t) = {ux(t)}rez denoting the atomic displacements from the homogeneous
lattice equilibrium position. Historically, that discrete model has notably inspired the
Isaac Newton’s works on the calculus of the sound speed in the air, as well as Jean
(I) and Daniel Bernoulli’s works on the analysis of vibrating systems [2, 7]. This aca-
demic model has some dispersive properties/dynamics that are poorly known in the
literature; in particular, they are incompatible with the causal restrictions that [9, 10]
require to consistently generalize the elastic continuum mechanics.

The works in [4]-[6] have proposed a new analysis that is based on our contemporary
mathematical analysis knowledges (Fourier and Laplace transforms, complex analy-
sis, and tempered distributions) to characterize the quasi-continuum dynamics of such
a granular material with its main ingredients: impulse response, spatial and temporal
properties, and spectrum. This work proposes a brief summary of these analyses for an
unbounded domain. Mainly, it is shown in particular that two formulations of contin-
uous accurate interpolations are possible; the first one corresponds to the Eringen and
Kunin models of quasi-continua (EKQ, which are based on the Whittaker-Shannon-
Kotel’nikovs (WSK) interpolation functions but are then valid or accurate only for
unbounded domains); the other is based on a weak spectral multi-polar approximation
(WMPA, which is comparable to a multi-point Padé’s approximation). In terms of
numerical coupling [20], the first continualization method belongs to those method-
ologies assuming the existence of energy potentials, and the second one to the gen-
eralized force-based or virtual power category. Both continualizations involve length



or/and time scales that are non-arbitrary but are related to the dispersive and attenu-
ation structural properties of the atomic interactions [2]. It is shown that the WMPA
provides an interpolation of the displacement field of the generic discrete model that
superimposes two kinematic contributions: one of them corresponds to the solution
predicted by the EKQ and converges for increasing time to the classical theory of
elastic continuum; the second contribution has for effects to restrict the oscillations of
the first field and vanishes for increasing time. It is shown that a second improved ap-
proximation of the classical theory of elasticity can be artificially taking into account
the simultaneity of the atomic response, associated with the violation of Einstein’s
causality. It is shown that this non-trivial behavior can be interpreted in a continuous
model by the presence of inertial and pseudo-dissipative post-Newtonian forces that
are ignored by most multi-scale numerical coupling methods.

For illustration and clarity, this communication considers only the free motion of an
unbounded chain; no external load is applied and no internal collision is allowed for
time. More general kinematic and loading conditions were considered in [6] while the
case of bounded domains will be presented elsewhere.

2 Free motion of the infinite system

2.1 Equations of motion

Let a > 0 be the reference scale length or lattice parameter of the considered chain
model. The mass of each atom pa is then defined with a lineic mass density p > 0.
Moreover, within the harmonic approximation, the atom interactions are ensured by
weightless springs with elastic stiffness aa defined with an elastic modulus o > 0.
. def
Usually, those constants allow to coarsely assess the time w ' = %\/g = 5= and the
. .. def . L
propagating wave speed limit ¢ = \/% that are specific from the macroscopic view-
point of the classical “homogeneization” based on the long wavelength deformations.

The generalized function theory of causal evolutions [28, 29] provides a natural ad-
equate framework to describe the motion of the chain and to highlight some links with
the weak and strong formulations used in numerical methods. Within this framework,
the free dynamic motion of the chain that is governed by the equation

«
pDuy, = = (a1 + up—1 — 2wy , for (k,t) € Z x w,'R™ (1a)
with the nonzero initial conditions of displacements and velocities

u(0) = {1 (0)} ez and Dy (07) = {11, (07) Y res (1b)

becomes (see [6] for further details)

pD2[Huy) = %H[u,ﬁ1 gy — 2ug] + pD2ux , for (k,t) € Z x w 'R (2a)



with the nonzero initial kinematic conditions reinterpreted in terms of localized inertial
forces of percussion

pa®u(t) = pa [Dtu(O_) 5, (t) +u(07) Dt5+(t)} . (2b)

Those last ones are required to move the chain instantaneously from an “artificial rest
state” to the configuration with the given initial displacement and velocity. Those ex-

pressions appropriately involve the generalized partial derivative operator D; with re-
ift <0

spect to the time variable ¢ of the Heaviside’s step function H(t) o { (1) L ift>0
and the “causal” Dirac’s delta function § dof DH. The foregoing mechanical model
is fully characterized by its elastic and kinetic energies, whose the expressions are
well-known. But for the purpose of making comparison the ensuing expression of
external work can be also used [6]

t
PapDtu(t)ut) a3 [ p0buli) D) di

kez © —

— H()pay [Dtuk(o_) Dy (07) — uk(o—)Dfuk(oﬂ] . (3)

keZ

2.2 Spectral Characterization

The two problems (1) and (2) can be solved by combining the Laplace’s transform
(LT) on the time variables ¢ € w; 'IR" and the discrete Fourier’s transform (DFT) on
spatial variables ka € aZ. The first transform is taken like

g(t) — glw) = /OO y(t) et ,Om(w) < —ap <0, 4)
0

where a sufficiently large constant value w; is taken to ensure the existence of the
integral as a function over a semi-plane of the complex plane w,C. Here Re(-) and
Sm(-) denote respectively the real and imaginary parts of the complex number in
argument; ¢ is the principal square-root determination of the imaginary number related

to 2 = —1. The second transform is defined like
—ikAa e
y:{yk}kezﬁy(A):aZyke  VAeKY [—7/a,7/a], (5)
kez

but, albeit being restricted to the first Brillouin’s zone IK, is assumed to have an analyt-
ical continuation almost everywhere along ¢ 'R and onto a larger subdomain of the
spectral reciprocal complex plane a~'C. The foregoing transforms (4) and (5) have
respectively for inverse formulae

—iwp 400
1 bt iwt

gw) —g(t) = 5 jw)e dw ,Vw, >, >0, fort € w,'R ,(6a)
™ —iwp—00
1 [m/a ikAa
yA) =y = Dy y(N)e " dA, fork € Z; (6b)
T J-x/a



those integrals being defined in the sense of Cauchy’s principal values.
The combined application of the transforms (4) and (5) on Eq.(2a) provides then

PN\, w)u\,w) = pD?u(\,w) , with D?u()\,w) = iwu(N,0) +u(\,07)  (7a)
while the holomorphic function of two complex variables (\,w) € a !C x w,C

P\, w) ¥ 4—O‘sm 2(A\a/2) — (7b)

fully characterizes the elasto-dynamical mechanical properties of the discrete material
system. The following equivalence (with ¢ € Z) and characteristic equation

P\ w) = i—(; [sin*(Aa/2) — sin®(A\,a/2)] =0, for (\,w) € a7 'C x w,C\ C (8)

defines for w € w,R the curves of dispersion [2, 6] that describe the roots {\,(w) }4ez,

def} — 00, —w*] U [w*,oo[like

those roots being well-defined for w & C =

Nag@) = Ao(@) +207/a 5 Dagii (@) = ~Aaylw) )
Ao(w) = —2 arcsin(w/w,) , with [Re(\,)|a < 7. (9b)

For each g € 7, the doublet (Ao, Ai_2,) lays inside the strip

JE N = 4iN €aT'C; [Na - 2g7] < 7, (Ma, Aa) € R,

the first strip By containing in particular the fundamental Brillouin’s interval K.

2.3 Spatio-temporal evolution

The solution of the Eq. (1) can be expressed indifferently like (see [6] and also [7, 30,
3D,

ug(t) = Z [up(O) D,G(ka — pa,t) + 1,(07) G(ka — pa, t)] ; (10a)
PEZ

=Y [u,,(()) DG (ka — pa,t) + 1, (07) G (ka — pa, t)} . (10b)
PEL

which for (k,t) € w; 'R x R are equivalent to the solution of Eq. (2)

H(t)up(t) = Z/ G(ka — pa,t — t) D?u,(t) dt ; (11a)
pEZ

= Z/ Gr(ka — pa,t — t) D?u,(f) dt . (11b)
PEZ



In Eq.(10) the functions
G(s,t) = sign(t) G(s, [t|) and Gk (s, t) = sign(t) G (s, |t]) (12)

represent respectively the acausal extensions to (s,¢) € aR x w; 'R of the causal
Green function interpolation

s 210 / i) os () sl (7 %mwﬁ)dwr}

MW /1 _ W_Q a “Jo. o ]9R
T\ &2
(13)
and of the causal pseudo-Green function interpolation
™/ g sin(w,tsin(Aa/2)) cos(As)

Gr(s,t) = H(t / : dX 14
K(s:1) ®) 0 wy sin(Aa/2) s (14)

Those functions are defined with two lengths ¢, (w) that are like

2
g_aw) f sl (1 — 2%) € [O,ﬂ , forw € [—w,, wl; (15)
a def 2w? 2|wl

@) = In [Wf -1+ o w_*_l >0 , forw e wR\ [~w,, w, (16)

which characterize the intrinsic properties of dispersion and attenuation of the con-
sidered periodic granular media [2]. Besides G(s,t) and G (s, t) are also linked as

t
G(ka,t) = Gk (ka,t) = H(t)/ Jo(w,t) dt and G (s, 1) Zsmc s/a—q)G(qa,t),
0

qEZ

with the Bessel’s functions of first type with entire order [22]

(=1)"J_p(7), for (n,7) € Nx R

def @ m/a

I (1) = —/ cos (7 sin(\a) — A-na) dA,
T Jo

and the sinus cardinal function [23, 24]

() def sin(7n)

n

sinc , forne R.

Figs. 2, 3 and 4 illustrate the interpolations of the free motions of the atoms re-
leased with uy,(0%) = @dy and 0 (0F) = 00y 0, based on (13); here @ and v are
given constants, and Jj,,, denotes the Kronecker’s symbol. For the CC theory, a non-
trivial feature of such a boundary-less granular structure with weightless interaction
springs, and that is embedded into the Bessel function properties, is that localized ini-
tial (kinematic or dynamic) disturbances are redistributed through the infinite structure
with infinite velocity (see [30]) by transiently evanescent phonic waves. Instead, the
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Figure 2: TN and CC displacement fields resulting from various continuum represen-
tations of the discrete initial percussion load pa@iu = {pavdy o0, (t) }rez:

(a) the interpolating displacement field u(s,t) = G(s,t)v (in black) of the section
2.4.3 generated by the initial inertial load density pD?u(s,t) = pD?u(t)d(s/a)
and the CC solution wu.(s,t) = G.(s,t)v (in green) generated by
pD7uc(s, t) = pDiu(s,t), with so k.1(n) = 0(n);

(b) comparison of those displacement fields with the smooth one
uc(ka,t) = G%,(ka,t) v (in blue) generated by pDjuc(s,t) = pDjuo(t)sinc(s/a),
with so k.1(n) = sinc(n), for (k,t) € Z x w;'R™.

CC theory assumes that the corresponding energy transfered by those fast phonons
are macroscopically negligible and interprets the supersonic transfered energy as infi-
nite and localized along Stokes’ rays [6]. This “supersonic” phenomenon violates the
Einstein’s interpretation of the causality criterion, which may be thought necessary to
consistently generalize the elastic continuum mechanics [10, 9]. Currently, this latter
is expressed with the hyperbolic equations of the CC theory, which in the case of a bar
or vibrating string amounts to the D’ Alembert’s elastodynamic wave one

pD?u, = aD?u, , for (s,t) € aR x w, 'R" (17a)
with the nonzero initial conditions of displacements and velocities
ue(s,0) = .(s,0) and Dyuo(s,07) = Dyio(s,07) , fors € aR. (17b)

Here D, is the spatial partial differential operator. Within the theoretical framework
of causal distributions, the governing equation in the CC setting becomes

pD?[Hu.] — aD?[Hu.] = p®?u, , for (s,t) € aR x w, 'R. (18a)
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Figure 3: TN and CC displacement fields resulting from continuum representations
of the discrete initial data: ui(0) = udyo and 1;(0) = 0. The displacement field
u(s,t) = DyG(s,t)u is obtained with k(n) = d(n) and yields the initial displace-
ment u(s,0) = DiG(s,07)u = k.o(s/a)u (in black); the CC solution u.(s,t) =
Ulkeo((s+ct)/a) + keo((s — ct)/a)]/2 (in green) corresponds to u.(s,0) = u(s, 0).

We also introduced the percussion forces (i.e. an instantaneous distribution of inertial
forces)

paDiu.(s,t) = pa{Dtﬂc(s, 07) 04 (t) + te(s,07) Dt5+(t)} (18b)
where the correspondence between the couple of percussion kinematic fields @.(s,07)
and D,u.(s,07), and the couple of localized initial data u(0) and D;u(0~) must be

specified. This can be assumed into the following classical trial form with two (possi-
bly identical) weight functions . ,(7) to specity

D}u.(s,0” ZD uk(07) Ken(s/a— k), forn=0,1. (19)

ke

Lately, for comparison with (3) one can also associate the following work to the fore-
going model

t (o]
Pf(p@fuc,uc,t) = / / p@fuc(s,f) Diuc(s,t)ds df
= H(t)/ p{Dt&c(s,o—) Dyt (5,01) — Ue(s,0- )D Ue(s,0 }ds (20)

Eq. (17a) (resp. (18a)) is known to be the continuous limit of the discrete model (1)
(resp. (2a)). Indeed, it can be deduced by Taylor expanding Eq. (1) (resp. (2a)) while
assuming the existence of a smooth continuous displacement field u.(ka,t) ~ wu(t)



for (k,t) € Z x w;'R and spatio-temporal variations that are sufficiently slow to be
differentiable, limiting therefore the accuracy/validity of u.(\,w) simultaneously to
the longest wavelengths ||~ > a and the smallest angular frequencies |w| < w.
where ®(\,w) ~ al? — pw?. Ideally, a successful numerical method for solving
the problem (17) would provide the exact D’ Alembert’s traveling wave solution for

(5,t) € aR x w; 'R

ue(s,t) =

~C t O— ~C — t 0_ 1 st
Ue(s +ct,07) + tc(s — ct, )+ / Dyic(5,07)ds, — (21)

2 2_C s—ct

which implies that D?u.(s,0%) = Di.(s,07) (with n = 0, 1) as long as the chain is
not impacted. Note that a standard, but not necessary suitable (see Eq.(23)), assump-
tion about the approximation trial field is the form

= Zuc(lm, t) ke(s/a — k), for (s,t) € aR x w 'R (22)
keZ

with the previous weight functions specified as k. (1) = ke1(1) = ke(n).

It turns out that the solution field (21) is equivalent for (s,¢) € aR x w; 'R ™ to the
following solution of the problem (18)

t 0
H(t) uc(s, t) = / / Ge(s — 5,t —t)a ' Du.(3,1) ds dt (23a)
0 —00
with the causal fundamental solution of (18a)

with G(s,t) & W TH(t — |s]/e) . (23b)

This latter corresponds to the macroscopic asymptote of G and G when w,t — oo
(with fixed |s|/w.at) or when |s|/a — oo (with fixed w.at/|s|). However, contrary to
G and G, the function G shows two fronts of discontinuity along |s| = ct, which
propagate with the celerity c as illustrated on the figures 2. Similarly, any singularity
of the field u. will propagate following this schema. This statement can be illustrated
with the approximate solution resulting from the pre-initial inertial load in (19). The
expression of the solution (19) can be rewritten like

H(t) ue(s, t) = Y [Deup(07) Giy (s — pa,t) +u,(07) DGro(s — pa,t)]  (24a)

pEZ

where the acausal function
G* (s, 1) = sign(t) G2, (s, |t]) , forn = 0,1 (24b)

is defined the causal pseudo-Green function

t s+ s—ct
G (s,4) % / G5 — 1a,t) Ken(n) dnzH(t)/ fen (s )JQF’{C”( ) gt (24c)
0



It follows that the spatial regularity of the interpolating functions . ,(7) has an im-
pact on the approximation predicted by the CC theory equation (18a) for the discrete
field u(¢) in (10). For instance, on the figure 2(b), to mimic the response of the chain
impacted from rest with pa®7u(t) = {pavdy o0 (t)}rez for the percussion force in
(2b) a very singular and a very smooth £ (1) were chosen to interpolate in weak
and strong senses. The CC displacement field u, = vG?,; obtained with the infinitely
smooth hat-function k. 1(n) = sinc(n) is continuous contrary to the one u. = vG.
obtained with the singular Dirac’s function r.1(n) = d(n) = $D?|n|. In fact, this
yields a limited improvement that results from the nonlocal nature of the smooth iner-
tial loading, which artificially attempts to compensate the limitations imposed to the
wave propagation velocity by the classical elasticity model (18a).

While the improvement obtained with the smooth field can also been observed in
the energy introduced into the mechanical system, with notably P¢(pD2u., u.,t) =
P.(pD?u, u,t), it is however loading and weight dependent [6]. Indeed, one can con-
sider for instance the same Cauchy’s problems with u(0) = 0 and D;uy(07) = 0dy
while the CC approximation is indifferently initialized with D;t.(s,0”) = k. 1(s/a)
or pa®?u.(t) = paDyi.(s,07)d,(t), and the more popular FEM weight function
kea(n) = [L— [nJH(1 — |n]). It comes then PS(pDiuc, uc, t) = 3P, (pDFu, u,t).
Section 2.4.3 provides further comparisons and details on these dependencies.

2.4 Analogous quasi-continua

The problem of building a continuous model that is equivalent to the granular model
includes the task to formulate a system of integro-differential equations, with respect
to the two variables (s, t) € aR x w; 'R, between the continuous field u(s, t) interpo-
lating the discrete displacement field u(t) = {u(t)}xez like

u(ka,t) = u(t) , for (k,t) € Z x w, 'R, (25)

and a load density f(s,t) that is linked in some sense to those acting onto the discrete
structure, f(t) = {fx(t) }xez [3]-[6]. The reasoning provided in [4]-[6], and repeated
hereafter for self-containedness, still holds whether the considered applied load f are
external or generated as the percussion force pa®?u in (2b) by initial kinematic con-
ditions.

2.4.1 Additional criteria of interpolation

From a spectral viewpoint, a crucial step is the substitution of the (7a) in the space
a'C x w,C of spectral variables (\,w) by an equation of interpolation

BT\ w)ul(\w) = fT(\w) (26)

which itself allows to replace the DFT (5) and its inverse (6b) the integral Fourier
transform FT and its inverse

y(s) — 51 (N) = /_Ooy<s>e‘”sdx;ym>ey<s> ! /mywe“sdx @)

10



The interpolation fields (s, t) and f(s, ) are then inferred from uf (), w) and fT(\, w)
via (4), (6a) and (27).

The constraint (25) still left however a large choice of the functions ®'()\,w) and
fT(\,w) whose the analogs ®(\,w) in (7b) and f(\,w) = > fi(w) e ™ are no-

kEZ
tably 2ma~!-periodic in A € a~'C. To restrict the choice, an equivalence is addi-

tionally imposed for the resultants of the either external or initial inertial acting loads

/ f(s,t) ds_aka  fort € w'R (28a)

kEZ
and furthermore an equivalence between the load works is also wished

Pe(pD2u(t),u,t) = P(pD7u(t),u,t). (28b)

In particular the continuum load work can be expressed like (20).

Within the framework of distribution theory, there exist then at least two natural
choices for the loading fields f(s, t) that satisfy (28a) while keeping the interpolation
ansatz f(s,t) = > fu(t) k(s/a — k) for (s,t) € aR x w;'R:

ke

one is the singular Dirac’s comb distribution where x(n) = §(n) o DTQ]% forn € R
Ba

so that fka+ s, t)ds = afi(t) V8 €]0,1];

—Ba
the second one is the regular distribution where (1) = sinc(n) (if the resulting cardi-

nal series converges in the sub-space of continuous functions with A\-support spectral
in K) so that f(ka,t) = fi(t).

Since the acting load distribution f(¢) can be arbitrary, the desired interpolation
property (25) can be reformulated as a restriction on the spectral functions describing
the material elasticity and inertia ®'(\, w) alone. Thus, in the singular load interpola-
tion case it is convenient to take as a measure of concordance

—iwp+00 )\kaert) —iwp+00 z(/\kaert)
/ / d)\ dw = / / ——d\dw (29)
—iwp—00 —iwp—00 —7/a ) W)

and in the regular load interpolation case

/ —iwp+00 z(/\ka—i-wt —zwb+oo i(Aka+wt)
/ / dw d\ = / / ———dwdX.  (30)
—7/a J —iwp—00 —7/a J —iwp—o0 )

Those formulations take into account the order of application of the transforms (4)
and (5) upon Eq.(2a) and that allow to identify the right hand side double integrals in
(29) and (30) with 472G (ka, t) and 472Gk (ka, t), respectively.

2.4.2 Strong spectral approaches

For the smooth loading choice (30), two types of spectral functions of elasticity and

inertia ®f(\,w) satisfying (30) are frequently proposed (e.g. [25, 26, 3, 27]). A first

11



one corresponds to
PI\, w) = P\, w), (31)

and the second one to
of (N, w) = 1p,(\) (N, w) , with By & {X € a'C; [Re(Va| <7} (32)

while 1, denoting the characteristic function of the domain By. The quasicontinuum
spectral model (31) has been adopted by Eringen [26], while the model (32) is the
one chosen by Kunin [3]. In both cases, to be exact and to not produce singularities
(see [6]), the functions u(s,t), pa®?u(s,t) and f(s,t) must be limited to Whittaker-
Kotel’nikov-Shannon’s (WKS) functions of interpolation [23, 24], which assumes the
spectra u' (), -), pa®2u’(),-) and fT(], -) supported by K for A € a'RR.

The elastodynamic equations characterized by (26), (31) and (32) read either as
follow for (s,t) € aR x w;'R*

s— 3§

) DZu(3,t) d3 (33a)

a

pD?u(s,t) = / K.

- —/OO Lo u(s, b) ds (33b)

a

with the initial kinematic conditions D} u(s,t) = pa .., Diui(t)sinc(s/a — k)
(for n. = 0, 1). It can also be expressed as follows for (s,t) € aR x w; 'R

PRl ) = pDAHOu(s 0]~ [ K HE Dius.)ds (4
— D@0+ [ LD R U nds ()

with the percussion load
paDiu(s,t) = pa Z D?uy(t) sinc(s/a — k) . (35)

ke,
Those equations involve the following functions of elasticity for n € R

e 1 *° Q)T A ina e 1 o iAna
K.(n) d—f%/ %e“ d\ and L,(n) d—f%/ ®T(X,0) ™" dA.

The kernel model (31) leads then to the following functions of elasticity

1+ —1] =2
Koy = Slririn =2l _ogg o Gea

2
L) =

a

20(n) —o0(n+1)—0d(n— 1)} . (36b)
In fact, the integro-differential equation (34) endowed with the kernel (36b) can be
expressed more simply like

a
o)
=1

u(s + a,t) +u(s — a,t) — 2u(s,t)
5 :

pD7u(s,t) = pDy[H(t) u(s, t)] — aH(t) ,

12



Similarly to the models developed in [31, 32], the absence of spatial differentiation
Dgu(s,t) in that equation entails that its solutions u(s,t) are continuous only if the
initial (and load) conditions are sufficiently smooth (see [6]); consequently, this ex-
cludes the Dirac’s singular loading field and therefore the localized impacts.

The kernel model (32) leads to the following functions of elasticity for n € R

~ ~ ~. 4
Kaln) == [(w 0800+ 1)+ (= )ity — 1)~ 208itg) — T a7
dan*—1/2
L,(n) = a—i‘"nz—_{ sine(n) (37b)

~ n
with Si(n) o / sinc(77) dn. The use of the integro-differential equation (34) en-

0
dowed with (37) requires infinite domains of integration, and so is not adequate for
bounded domains. Other drawbacks related to the support of the loads must also be
mentioned (see [6]).

Despite of these drawbacks, for the WKS smooth interpolation fields, the dynami-
cal continuum models described by Egs. (33) also allow to recover however the exact
kinematic and energy state related to the discrete model described by Eq. (1) (see [6]).
Within the WKS smooth interpolation field space, the formal solution of the dynamic
equation (34) is as follows for both kernel choices (31) and (32)

t
H(t) u(s,t) = Z/ G (s —pa,t —t) a ' DFu,(t) dt . (38)
PEZL 0
For (s,t) € aR x w;'R™, this is equivalent to the following field that solves (33)
u(s, t) = Z [DtéK(s — pa,t) u,(0) + @K(s — pa,t) ,(07) (39)
PEZL

defined with the antisymmetric extension of the causal “pseudo-fundamental” solution
Gk in (14).

2.4.3 The weak spectral approach

The formulation (29) is based on a weak multipolar approximation (WMPA) devel-
oped in [4, 6] inspired by the Mittag-Leffler’s rational expansion series of the mero-
morphic spectral function [®(\, w)]~! on a7*C x w,C\ C. The truncating approxima-
tion according to Eq. (29) yields the following weak multipoint Padé’s approximation
function [6]

o (N, w) = a [\ = \] sinc(Aa/7) = paGT(A,w)] 7. (40)

By inverse transforms of the spectral equation (26) with this kernel, the equation of
dynamic motion can be expressed finally as follows for (s,¢) € aR x w; 'R

t
D2u(s, 1) = [1+i2pg] / DIy (F) uls, t—)—DyTo(F) D2us,t—D)] df (41a)
Wy 0

13



where the following initial inertial load of percussion is used to (re-)generate initial
kinematic states

pa®iu(s,t) = pa Z D2uy(t) 6(s/a — k). (41b)

kEZ

The integrals in Eq. (41a) use the following stiffness and mass distributions

To(t) = Ty (wt) pH<t>{1— / WMWT}, (22

2
2 [wi _
Wi/ o2 1

Tot) = To(w,t) aH(t){l— / T dcos(wt) dwr } (42b)

2 2
. m[%—i—ﬂ],/i—g—l

They satisfy T1(0) = T5(0) = D,Y1(0) = D27,(0) = 0 and tend to T (+0c) = p
and T2(+oo) = «. The classical wave equation (18a) can be inferred from (41a)
by passing to the limit with (a,w; ') — (0,0) while keeping w,a = 2c finite. The
temporally-nonlocal (TN) continuum model (41a) possesses a complex internal in-
ertia and elasticity reminiscing a modeling of continuum mechanics enhanced with
hereditary or memory properties proposed in [33] for composite and heterogeneous
materials. However as for the discrete model, this new continuum remains spatially
local (which underlies that boundary conditions will remains too) and does require
only the classical initial conditions. Hence, an analytic comparison between the pre-
dictions of this dynamic model and those of a finite chain for various loading condi-
tions are possible as shown in a future communication. Lately, contrarily to those of
the subsection 2.4.2, the TN model (41a) admits singular loading. In particular for
the singular inertial load (41b), the final expression of the formal solution of the TN
dynamic equation (41a)

t 00
H(t) u(s,t) = / / G(s—3,t —t)a 'Du(s,1) didt (43)
0 J—-oo
can be viewed as a restriction onto (s,t) € aR x w; 'R of the field
u(s, 1) = > [ DiG(s = pa,t) uy(0) + G(s — pa, 1) i (07) (44)
PEZ

defined with the antisymmetric extension of the causal fundamental solution with
G(s,t) in (13). Albeit the continuum inertial load representation of the initial condi-
tions is singular, one can check however that the solution (44) is a regular continuous
interpolation of the original discrete solution u in (10), since for n = 0, 1

Diu(s,07) = Dt@ s—pa,0”) D{u,(0™) and DG s—pa,0%) = D'G(s—pa,07) .
t t Up t t

PEZ

The singular load (41b) is relevant to accurately recover the free motion field and
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(b) u= DG* ufor k(n) = kco(n) = (1 — |n))H(1 — |n|) and u.(s,0) = ke o(s/a) @

Figure 4: TN and CC displacement fields resulting from smooth continuum represen-
tations of the discrete initial data: uy,(0) = u 0y, o and 1, (0) = 0.

the corresponding discrete energy state from this TN model prediction [6]. Although,
relatively good approximations at sufficiently large times can be qualitatively obtained
with other weight functions not fulfilling the interpolation criteria (28), due to the non-
trivial inertia and elasticity of the TN model. Indeed, if one replaces 6(n) in (41b) by
a regular interpolating weight function x(7), then the solution (43) reads like

H(t)u(s,t) = > [Dyu,(07)G*(s = pa,t) + u,(07)DiG* (s — pa, )]  (45a)

PEZ
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with the following pseudo-Green function

G*(s,t) o /OO G(s —mna,t)k(n) dn. (45b)

For illustration, for the discrete initial data u(0) = {@dy}rez and u(0) = 0, the
solution (43) that simply reads like u(s,t) = G(s,t) u (see Fig. 3) can be compared
to the continuum solution (45) obtained with () = k. (1) = sinc(n) (see Fig. 4(a))
and k(1) = keo(n) = [1 — |n|]JH(1 — |n|) (see Fig. 4(b)). The resulting displace-
ment field u(s,t) = D;G*(s,t)u (in black) may be interpreted as corresponding to
a non-interpolating initial displacement field u(s,0) = D;G*(s,0") u. Comparisons
with the related CC approximations (in green) corresponding to @.(s,0) = u.(s,0) =
keo(s/a)u or equivalently to the percussion load (18b) pa®iu.(s,t) = paDiug ke
are also provided. The expressions (21), (23a), and (24) of those approximations can
also be simply read as u.(s,t) = u[ko((s + ct)/a) + kco((s — ct)/a)]/2. As ob-
served, the behaviours of the regular-x(7) approximations in (45) converge towards
the interpolation (44) where therefore «(n) = d(n). This is not the case with the CC
model owing to its dispersive-less nature. In fact, comparing Fig. 3 and Figs. 4 shows
that the agreement with the discrete theory is rather poor. The relevance of the choice
of kernel k. in the CC theory can also be mentionned regarding the energy equiva-
lence for the considered initial problems [6]. Indeed, for instance the smooth weight
function . = sinc(n) provides PE(pD2u,, ue, t) = TP, (pD7u, u, t), while . =
[1—|n|JH(1—]|n|) provides the energy equivalence P¢(pD?u,, u., t) = P.(pD?u,u,t).

3 Conclusion

This paper highlighted some key points of the derivation of enhanced quasicontinuum
models that can be closely based on the dispersive vibrational properties of lattices
and periodic material systems. These new insights may help in the numerical simu-
lations coupling of continuum and discrete/molecular modeling, which is in general a
non-trivial task. In the current practice, the continuum model often relies on the CC
mechanics, mistakenly. The use of the CC model entails, for instance, that the high
frequencies coming from the discrete media cannot avoid to be reflected by fixed or
moving interfaces (like fronts of discontinuity or model separation) instead of being
transmitted [34, 17, 18, 21]. This pinpoints the need for enhancing continuum me-
chanics to catch the micro-structural effects due to the discreteness of the material
properties in lattices and other periodic systems and that are particularly important in
the high-frequency regime.

The construction of enhanced continuum mechanics involves to adopt pertinent in-
ertial and stiffness terms and characteristic micro-structural length and time scales.
This paper has shown which can be taken into account for building a quasi-continuum
model that is equivalent to a simple, periodic, linear elastic monoatomic chain. In
particular, it has been shown that a memory-dependent quasi-continuum model is
able to correctly capture the non-trivial physical phenomena of wave dispersion in
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the micro-structured spring-mass lattice, which are overlooked by the CC theory and
its finite-element discretization. Comparisons between this TN model and some of the
enhanced continuum models proposed in the literature up to this date were proposed
in [6]. Unlike the other ones, the TN model assumes some modifications of the classi-
cal elasto-dynamic Newton’s law model that do not increase the number of initial and
boundary conditions of the mechanical evolution problem. Other similar construc-
tions that are under investigation for other non-simple lattices and atom motions will
be presented elsewhere.
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