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Abstract 
 
This paper presents analytical studies for the evaluation of the structural 
performance of reinforced concrete (RC) beams with externally attached fibre 
reinforced polymers (FRPs) of different sizes. Towards this goal, an analytical 
modelling approach is developed to simulate the structural behaviour of RC beams 
of different lengths, widths and numbers of FRP layers. Commercial finite element 
(FE) software, ABAQUS version 6.10-3, is used for the FE modelling. The 
analytical results show that the proposed modelling approach can be used to not only 
simulate structural behaviour of concrete beams retrofitted with FRPs, but also to 
investigate the effect of FRP sizes on debonding in FRPs.  
 
Keywords: fibre reinforced polymer, carbon fibre, debonding, finite element 
analysis, reinforced concrete beam. 
 
 
1  Introduction 
 
FRPs are used for strengthening structural members such as beams, slabs and 
columns due to its wide range of application and high strength. For instance, flexural 
and shear capacity of beams can be increased by attaching fibre reinforced polymers 
(FRPs) on the flexural and side surfaces of the beams. Teng et al.[6] identify seven 
main categories of failure modes for RC beams retrofitted with FRPs: (a) flexural 
failure by FRP rupture, (b) flexural failure by crushing of the compressive concrete, 
(c) shear failure, (d) concrete cover separation, (e) plate end interfacial debonding, 
(f) intermediate flexural crack-induced debonding, and (g) intermediate flexural 
shear crack- induced failure. Since the debonding in FRP is critical issue for beams 
strengthened using FRPs, experimental and numerical studies for investigating 
debonding in FRPs used to strengthen concrete beams have been reported [1-12]. 
Especially, Kamel et al. [10] perform regression analyses based on experimental 
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results from the literature to develop numerical models capable of predicting the 
effective bond lengths and bond capacities of FRP sheets bonded to concrete. 
Furthermore, Teng et al. [12] make use of a realistic bi-linear local bond-slip law to 
develop an analytical solution for the debonding process in an FRP-to-concrete 
bonded joint model. Also, formulations for FRPs are proposed to predict the 
debonding strength considering the effect of elastic modulus, thickness, and the size 
of FRPs. Nadia [13] performs experimental and analytical studies to investigate 
debonding in hybrid FRPs where carbon and glass fibre FRPs are combined. In this 
paper, debonding strength is calculated using previously developed numerical 
models such as shear capacity model, and compared to debonding strength adopted 
from the experimental measurements. The latter value is applied to the finite element 
(FE) model and the analytical results are in good agreement with the experiments.  
In this study, analytical studies are performed to investigate the effect of CFRP sizes 
on the structural behaviour of RC beams externally attached with carbon fibre 
reinforced polymers (CFRP). FE modelling methods are developed to simulate the 
overall behaviour of RC beams including material nonlinearity of the concrete and 
the debonding of the CFRPs. 
 
 
 
 
 
 
 
 
2  Modelling method 
 
2.1  Modelling plan   
 
In order to investigate the effect of FRP sizes on the structural performance of RC 
beams externally attached with FRPs, variables are determined as shown in Table 1. 
The beams are strengthened with two, three, or four layers of CFRPs with different 
FRP width and length. Type A models have the same CFRP length of 1800mm, 
while B and C types are designed such that the length of each CFRP layer is 
different by 300mm. CFRP width are varied as 200mm, 300mm, and 400mm. Also, 
the 2A200U model is strengthened with a U-strap for shear strengthening as well as 
two layers of CFRPs on the tension side.  
 
The simulation, is planned such that reinforced concrete beams (200x250x3200mm) 
are subjected to four point-bending with simply supported condition.  All the beams 
are strengthened using CFRP sheet in the tensional surface only except for control 
beam. For the steel reinforcement, two D13 (diameter=13mm) reinforcing bars are 
placed on the flexural side of the concrete beams with a cover thickness of 30mm. 
Also, as shear reinforcement, D10 (diameter=10mm) bars are placed in order to 
prevent shear failure of the beams. The geometry, reinforced arrangement, loads, as 
well as support arrangements are illustrated in Figure 1.  
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Models 
FRPs length(mm) 

FRPs width (mm) 
1layer 2layer 3layer 4layer 

4A200 1800 1800 1800 1800 

200 

4B200 1800 1500 1200 900 
4C200 2100 1800 1500 1200 
3A200 1800 1800 1800 - 
3B200 1800 1500 1200 - 
2A200 1800 1800 - - 
2B200 1800 1500 - - 

2A200U 1800 1800 - - U-strap 
2A300 1800 1800 - - 300 
2A400 1800 1800 - - 400 
CONT. - 

 

Table 1:  Details of the test variables 
 

 
 

Figure 1:  Model illustration  
 
 
2.2 FE models  
 
For the analysis, FE models are generated as illustrated in Figure 2. The model 
includes four different parts; concrete, steel reinforcement, epoxy, and FRP 
composite. The types of elements used for each part are listed in Table 2. Concrete 
and FRP elements are generated using three-dimensional continuum brick elements. 
For epoxy, cohesive elements are used with elastic-traction material behaviour to 
consider debonding. In the epoxy model, damage initiation criteria is also included, 
which is obtained using an existing formulation for debonding strength [4-12] and 
the small beam test results [13]. The formulation is able to capture the effect of 
stiffness and dimensions of the CFRPs on the interfacial stresses between the 
concrete and CFRPs, and works well with multi-layered FRPs. To consider material 
nonlinearity, existing experimental data from concrete compressive and tensile tests 
are adopted for the concrete material model. For reinforcing bars, stirrup, and 
CFRPs, a linear elastic material model is used based on the assumption such that 
steel bars will not reach yield level under the loading and the CFRP does not show 
plastic behaviour from its material tests. Mechanical material properties of the 
CFRPs are obtained from coupon tensile tests [13]. The material properties of 
concrete, reinforcing bars, and CFRPs are listed in Table 3.  
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In addition, the loading is applied as a form of displacement control and simply 
supported boundary conditions are prescribed in the model. The static analysis is 
performed with geometrical nonlinearity.  
 

 
 

Figure 2:  The finite element model  
 

Part Element type Material 

Concrete 3D continuum brick C3D8R Elastic and Concrete 
Smeared Cracking model 

Steel reinforcement 3D Truss T3D2 Elastic 

Epoxy Cohesive COH3D8 Elastic Traction 
(shear capacity based model) 

FRP composite 3D continuum brick C3D8R Elastic 
 

Table 2:  Element types and materials model 
 

Material Elastic modulus Compressive strength Tensile strength 
Concrete 23.7 GPa 30 MPa 3 MPa 

D10 204 GPa - 450MPa 
D13 226 GPa - 450MPa 

CFRP 230 GPa - 1300MPa 
 

Table 3:  Material properties 
 

 
3  Analytical results  
 
3.1 Effect of number of CFRP layers 
 
3.1.1 Load-displacement relationships 
 
Load-displacement relationships obtained from the analysis is illustrated in Figure 3. 
In the figure, load-displacement relationships of RC beams strengthened by two, 
three and four layers of CFRPs are compared. The stiffness of the beams 
strengthened by CFRPs increases with number of CFRP layers, however, the beams 
with the larger number of CFRP layers show the earlier failures caused by  
debonding in the CFRPs. Therefore, even if the larger numbers of CFRPs are used 
for strengthening, the capacity of the FRPs is not fully utilized at the time of beam 
failure. Regarding the load carrying capacity, 4A200 and 3A200 models are the last 
to fail at 185kN. Model 2A200 failed at 189kN and has a higher peak load than the 
3A200 model and the 4A200 model. The control beam has the lowest maximum 
load and fails when the load reaches 114kN. Analysis results have shown that the 
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CFRP strengthens concrete beam, and maximum loads are increased by 
approximately 62% compared to the control beam. Also, the maximum deflections 
of all the strengthened beams are reduced under the same load compared with the 
control beam. However, it is noted that the control beam is more ductile than beams 
strengthened using CFRPs.  
 

0

50

100

150

200

250

0 10 20 30 40

Lo
ad
 (k
N
)

Displacement (mm)

4A200
3A200
2A200
CONT.

 
Figure 3:  Comparison of load-displacement relationships of beams retrofitted with 

FRPs and CONT.  
 
 
3.1.2    Deformation configuration with stress contour 
 
The predicted deformation shapes of the control beam and the beam strengthened 
with two layers of CFRPs are illustrated as Figure 4. For the case of the 2A200 
model, a higher peak load than the control beam are obtained as seen in Figure 2, 
however, deformation of the strengthened beam is decreased at the time of beam 
failure compared with the control beam, which indicates that the FRP can 
significantly improve the strengthening of the RC beam. 
 

 
(a) CONT 

 
(b) 2A200 

 
Figure4:  Comparison of deformation configurations of (a) the control beam and (b) 

the beam strengthened with two layers of CFRPs  
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3.2 Effect of FRP length 
 
3.1.2 Load-displacement relationships 
 
Load-displacement relationships depending on CFRP length are predicted from the 
analytical model as illustrated in Figures 5 to 7. Regardless of numbers of the CFRP 
layers, about 2.6-5.5% of the maximum loads are increased when the beams are 
strengthened with tapered CFRPs, with respect to non-tapered CFRPs. It is 
interesting to note that the effect of tapered CFRPs on maximum load capacity 
decreases when the numbers of CFRP layers are four. As seen from Figure 5, the RC 
beams strengthened with four layers of CFRPs, the strengthening effect is not 
significantly dependent on the length of CFRP even though the length of the shortest 
CFRP is longer than 60% of the beam length. However, the beams with tapered 
layers of CFRP show higher peak loads than the beams with non-tapered layers of 
CFRPs, as the debonding failure is delayed at the end of the tapered CFRP laminates. 
Between the beams with tapered CFRPs, the longer CFRP length delays the more 
the beam failure. For example, the 4C200 using four layers of CFRPs of lengths of 
2100, 1800, 1500 and 1200 mm presents a slightly higher peak load than the 4B200 
using the same number of CFRP layers of lengths that are 1800, 1500, 1200 and 
900mm. 
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Figure 5:  Load-displacement relationships for beams retrofitted with four layers of 

CFRPs 
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Figure 6:  Load-displacement relationships for beams retrofitted with three layers of 

CFRPs 
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Figure 7:  Load-displacement relationships for beams retrofitted with two layers of 

CFRPs 

 
3.2.2 Stress contours on bottom surface of the beams strengthened with various 

length and layers of CFRPs 
 

Analytical results of the maximum principal stresses are presented in Figures 8 to 10. 
Generally, lower stress concentration is observed from the beams strengthened with 
tapered layers of CFRPs compared with the beams with non-tapered layers of 
CFRPs. Especially, when four layers of CFRP with lengths of 1800, 1500, 1200 and 
900mm are attached at the bottom of beam (Figure 8(b)), the distribution of stresses 
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for the FRP is different from the 4C200 (Figure 8(c)) and 4A200 (Figure 8(a)), even 
the maximum load capacity is larger than the other two cases. Therefore, it can be 
said that the tapered layers of FRP strengthening reduces stress concentrations on 
FRPs which can delays failure as a result of debonding in the FRPs. 
 
 

 
 (a) 4A200 

 
(b) 4B200 

 
 (c) 4C200 

 

Figure 8:  Stress contour of the bottom surface of the beams strengthened with four 
layers of FRPs 

 
 

 
 (a) 3A200 

 
(b)  3B200 

 

Figure 9:  Stress contour of the bottom surface of the beams strengthened with three 
layers of FRPs  

 
 

 
 (a) 2A200 

 
(b) 2B200 

 

Figure 10:  Stress contour of the bottom surface of the beams strengthened with two 
layers of FRPs  

 
 

3.3 Effect of CFRP width 
 
3.3.1 Load-displacement relationships 
 
The effect of the CFRP widths on load-displacement relationships are presented in 
Figure 11. There is no significant difference of slopes of the load-displacement 
curves, but the maximum load capacity is obtained from the beam strengthened in 
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shear using a U-strap as the failure is delayed the most. It is well known that U 
shaped straps can be bonded to the ends of FRPs to delay and prevent plate end 
debonding failures, as predicted from the analysis. As seen in Figure 10, the 2A200 
model fails at 189kN, while the 2A200U model fails when the load reaches 207kN. 
Therefore, the U shaped straps are able to increase the maximum load by 9.5% 
compared to the non-shear strengthened beams. However, increasing the width of 
the CFRP does not increase load capacity, because concrete cover separation occurs 
along the location of reinforcing steel bars as a result of the high interfacial stresses 
between concrete and CFRPs. Therefore, model 2A400 has the lowest maximum 
load and fails when the load reaches 95kN and the model 2A300 fails at 138kN.  
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Figure 11:  Load-displacement relationships of beams with various widths of CFRPs 
 
 
 
 
 
3.2.2  Stress contours on side and bottom surfaces of the beams strengthened 

with various widths of CFRPs 
 
Deformation configurations with maximum principal stresses of the beams 
strengthened with various widths of CFRPs are presented in Figures 12(a) to (d). It 
can be seen that stresses at the end of the CFRPs are reduced as a U strap is added to 
the beam. The beams with a CFRP width of 300mm and 400mm does not influence 
the stresses on the bottom surfaces, however the stresses on the side area increased 
as the concrete cover separation are leads to high interfacial stresses between the 
concrete and FRPs. Therefore, FRP can strengthen the concrete beam effectively 
when the FRP width is less than the width of beam.  
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(a) 2A200 

 

 
(b) 2A200U 

 

 

 
 

(c) 2A300 
 

 

 
(d) 2A400 

 
Figure 12:  Stress contour of  side and bottom surfaces of the beams strengthened 
with two layers of CFRPs which width of (a) 200mm, (b) 200mm with U strap (c) 

300mm, and (d) 400mm. (Deformation scale : 1.0) 
 

 
4  Conclusion  
 
In this paper, the analysis of reinforced concrete beams strengthened by CFRPs has 
been performed. Based on the results, following conclusions can be drawn: 
 
1) CFRP can significantly improve the load capacity of an RC beam. The stiffness 
of the beams strengthened with CFRPs increases with the increase of CFRP 
thickness, however, beams strengthened with four or more layers of CFRPs show 
earlier failures caused by debonding in the FRPs. 
2) The effect of the CFRP length on the load-displacement relationship is not 
significant if the length of the first layer of CFRP reaches 60% of beam span length. 
When multiple layers of CFRPs are used for strengthening, beams with the tapered 
layers of CFRP are able to avoid early failure caused by debonding.  
3) When width of CFRP is wider than the width of the RC beam, concrete cover 
separation occurs along the location of reinforcing steel bars because of the high 
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interfacial stresses between the concrete and the FRPs. Compared to wide CFRPs, U 
shaped straps are more effective to increase load capacity of the RC beams 
strengthened with FRPs by preventing early failure of RC beams arising from 
debonding.  
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