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Abstract 
 
The inplane transient problem for a linear inhomogeneous elastic thick plate with the 
weak inhomogeneity is handled. We assume the linear inhomogeneity in which the 
phase velocity linearly changes along the thickness direction of the plate. First, using 
the Cagniard method which analytically caries out the Fourier-Laplace double 
inversions, the analytic solutions of the transient response for the inhomogeneous  
half space are deduced, and the numerical results are obtained for stress components 

xxyxyy ,, στσ , strain energy U , displacement components v,u . Furthermore, 
considering redistribution of the reflected energy for P and S waves and the method 
of images obtaining the reflection of a couple of P and S waves at the boundary, the 
reflection responses for the homogeneous elastic thick plate are calculated. The 
transient response for the linear inhomogeneous thick plate can be accurately 
obtained by the layered model of the homogenous layer. Finally, relating these 
results to the Rayleigh wave and the Head wave, the whole aspect of the transient 
wave propagation for the inhomogeneity is clarified.   
 
Keywords: transient analysis, exact solution, inhomogeneity, elastic plate, Lamb’s 
problem, inplane loading, reflection response, Cagniard method, method of images. 
 
1  Introduction 
 
When we observe the global environment such as ocean, ground and atmosphere, 
and the typical materials such as shell, bamboo and fang, we understand that these 
media naturally and significantly consist of the inhomogeneous structures of the 
density and rigidity. Since there are many requests from the industrial side, the 
inhomogeneous structure is generally studied by many researchers of the fields of 
biomaterials, optics and other engineering with the purpose of relaxation of thermal 
stress and energy transformation. Furthermore, these researches advance, it’s been 
possible to create the industrial product which over two contradictory elastic 
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properties are continuously and functionally built in one material. The thin layered 
functional graded material made by the PVD and CVD technologies has been 
generally used. Most of more advanced materials such as the artificial bone and the 
spacecraft cladding will become inhomogeneous in the future. Therefore, the 
establishment of the theoretical and experimental strength evaluation technologies of 
these materials is desired. When the elastic body made up of the inhomogeneous 
structure is taken up as an object of the transient boundary value problem, it is 
rational to catch for us as a composition structure in which the phase velocity of the 
material continuously changes in one direction.  Here, we consider the transient 
problem for the inhomogeneous elastic media.   
As we historically survey the research of the wave propagation for the elastic body, 
the classical analysis was given by Lamb [1] who treated the problem applied the 
surface normal line source for the elastic half space. The exact solution of this 
problem was developed by Cagniard [2] and the substantial simplification was 
provided by de Hoop [3].  From the viewpoint of the earthquake research, Ewing et 
al. [4] and Brekhovskikh [5] studied the wave propagation for the elastic layered 
media. Miklowitz [6] and Pao [7] gave the excellent insights for the transient 
analysis of the elastic plate. The papers of the transient response for the 
inhomogeneous elastic body can be found in Refs [8,9,10,11]. When we consider the 
inhomogeneous structure of the elastic body, it’s rational for the mathematical 
model that the phase velocity of SH wave continuously changes along the 
unidirection of the material. Author [12,13] handled the exact analysis of the SH 
transient problem for these inhomogeneous half space.  
In this report we exactly analyse the transient responses of the stress and 
displacement components for the inhomogeneous elastic thick plate subjected to the 
inplane impact load on the free surface. The phase velocity of P and S wave linearly 
changes along the thickness direction of the plate. Initially, we consider the Lamb’s 
problem for an inhomogeneous elastic half-space with the weak inhomogeneity. In 
order to solve this problem, it is necessary to define a pair of the potentials for the 
separation of the wave equation. Introducing the scalar and vector potentials φ , 
ψ which coincides with the infinitesimal deformation of the inhomogeneous wave 
field, we can deduce the separate two wave equations represented by these 
potentials. For this elastic half space, we assume that the Lame’s constants of the 
material have an inhomogeneous characteristics. The closed form exact solutions is 
obtained by the application of the Cagniard inversion to the Fourier-Laplace double 
transformed solutions deduced from the constitutive equations and the boundary 
conditions at the free surface. Therefore, we can get the stress components 

yxxxyy τσσ ,, , the strain energy U , and the displacement components vu ,  represented 
an integral form of the stress, as the analytic solutions for the inhomogeneous half-
space. 
For the inhomogeneous elastic plate, we examine the transient wave reflection 
problem from two free surfaces of the plate on the basis of these analytic solutions, 
and we apply the method of images [14] considered the boundary conditions at the 
reflection interfaces. The numerical calculation is carried out by the superposition of 
the analytic solutions. Finally, we examine the energy redistribution [15] to the P 
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and S reflected waves which coincide with the reflection responses deduced from 
the Snell’s law, the coupling of the Head wave, P and S wave at the reflection wave 
interface, and the contribution to the wave field of the Rayleigh surface wave, the  
 
 
 
 
 
 
 
 
 
 
 

Figure 1 : Inhomogeneous elastic half space subjected to inplane impact line load 
 
Head and P, S wave fronts. It is arranged as the animations of contour mapping 
representations through the full transient response field. The aspect of the transient 
responses is clarified with the consistency which satisfies boundary conditions at the 
top and bottom free surfaces.  

 
2  Analysis 
 
The inplane transient problem for the linear inhomogeneous elastic thick plate is 
investigated. In this plate, the phase velocity linearly changes along the thickness 
direction. Since it’s difficult to solve directly this problem, after analytically solving 
the inplane transient problem for the inhomogeneous half space by the Cagniard 
method, we numerically calculate the reflection response of the transient wave for 
the plate by using the method of images coupled P and S wave at the boundary. 
 
2.1 Formulation and basic equation 
 
We consider the transient problem for the linear inhomogeneous half space 
subjected to the impact line load on the free surface 0=y at time 0=t as shown in 
Figure 1. Therefore, the deformation is plane strain and the displacements u and v 
are not depend on the z coordinate.  
The displacement-potential relations are 

yx
u

∂
∂

+
∂
∂

=
ΨΦ    ,  

yx
v

∂
∂

−
∂
∂

=
ΨΦη 2

                             
(1),(2) 

where,  
1 byη = +                                                         (3) 

b is the inhomogeneous parameter, u and v are the displacements in the x and y 
directions, and Φ  , Ψ are the scalar and vector potentials, respectively.  
The stress components are  
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Lame’s constants of x and y directions are considered to have a linear 
inhomogeneous anisotropic structure, so that 

2
0 0,x yλ λ λ λ η= =                                     (7),(8) 

2
0 0,x yμ μ μ μ η= =                                  (9),(10) 

where 0λ , 0μ  are Lame’s constants at the free surface 0=y  of the elastic half space.  
The equations of motion are  

yxt
u xyxx
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                                          (11) 
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∂ ∂ ∂

                                            (12)
 

where ρ  is the mass density of the material.  
Substituting Eqs. (1)~(10) in Eqs. (11),(12) give  

2

2

222

2

2

2
2 112

tcbxb L ∂
∂

=
∂
∂

+
∂
∂

+
∂
∂ ΦΦ

η
Φη

η
Φη                             (13)

 

2

2

222

2

22

2
2 112

tcbxb T ∂
∂

=
∂

∂
+

∂

∂
+

∂

∂ ΨΨ
η
Ψ

η
η
Ψ

η                           (14)
 

where TL cc , are the phase velocities of the dilatational wave and the shear wave on 
the free surface of the inhomogeneous half space, respectively. 
Furthermore, we assume that 

Φηφ 2
1

= , Ψηψ 2
1

=                                 (15),(16)
 1 lnq

b
η=

                
                                  (17) 

For the inhomogeneous half space Eqs. (13),(14) reduce to the wave equations 
( ) ( ) ( )

( )
( )

2
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4 t

,
c,cx

,,b
q
,

TL ∂
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∂
∂ ψφψφψφψφ                            (18) 

By how to choose the b value, the inhomogeneity varies from the weak side to the 
strong side. Here, considering the case of 1≪b , we neglect the second term of the 
left side of Eq. (18). Therefore, y coordinate variable and the inhomogeneous 
parameter b  appear only in the inhomogeneous variable q. Furthermore, in Eqs. 
(3),(17), 0=q  at 0=y , ∞→q  for ∞→y ,  and the q value monotonously 
increase for the monotonous increase of the y value. Here, considering the weak 
inhomogeneity and replacing the (x,y) Cartesian coordinate with the (x,q) Cartesian 
coordinate, we analyse this transient problem for the inhomogeneous elastic half 
space  
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2.2 Transient analysis for inhomogeneous elastic half space 
 
We consider the transient analysis for the inplane deformation problem which the 
impulsive load acts on the free surface of the inhomogeneous elastic half space as 
shown in Figure 1.  
The wave equations represented by the potentials are 

2

2

2
2 1

tcL ∂
∂

=∇
φφ                                                             (19) 

2
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2
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where 

2

2
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2
2

qx ∂
∂

+
∂
∂

=∇
                                                      

(21) 

The boundary conditions are 
( ) ( ) ( )tHxtxqq δσσ 0,0, =                                            (22) 

( ) 0,0, =txqxτ                                                      (23) 
The initial condition are 

( ) ( ) 000 =
∂
∂

= ,q,x
t

,q,x φφ                                               (24) 

( ) ( ) 000 =
∂
∂

= ,q,x
t

,q,x ψψ
       

                                    (25) 

Two pairs of the integral tranforms are defined as follows 
The Fourier integral transform is 

( )[ ] ( ) ( )∫
∞

∞−

−=≡ dxexfξfxf isξsF                                         (26) 

( )[ ] ( ) ( )∫
∞

∞−

− =≡ dξeξf
π
sxfξf isξs

2
1F                                  (27) 

The Laplace integral transform is 
( )[ ] ( ) ( )∫

∞ −∗ =≡
0

dtetfξftf stL                                           (28) 

( )[ ] ( ) ( )∫ ∗∗− =≡
rB

st dsesf
πi

tfsf
2
11L                                    (29) 

where Br of Eq. (29) stands for the integral of Bromwich-Wagner. 
Applying the Fourier Laplace double transforms to Eqs. (1)~(21), we obtain the 
transformed solutions 

( ) ( ) ( )qsesAsq ξγξξφ 1,,, −∗
=                                              (30) 

( ) ( ) ( )qsesBsq ξγξξψ 2,,, −∗
=                                              (31) 

where 
( ) 2

1
2

1 v+= ξξγ ， ( ) 2
2

2
2 v+= ξξγ ,  ( )0Re i ≥γ               (32),(33) 

                 T
2

L
1 c

v,
c

v 11
==                                              (34),(35) 

where 21 ,vv  represent the slowness of the dilatational wave and shear wave, 



6 

respectively. Considering the boundary conditions Eqs. (22),(23) and the initial 
conditions (24),(25),  we can get the unknown parameters A,B 

( ) Δξ
μ
σ 2

2
2

3
0 2 v

s
A +=                                                (36) 

Δξγ
μ
σ

13
0 2i

s
B =

                    
                                 (37) 

where  
( ) 21

222
2

2 42 γγξξΔ −+= v                                          (38) 
0=Δ  represents the Rayleigh equation. 

The Cagniard method 〔16〕is applied in order to obtain the exact solutions from 
the Fourier Laplace double transformed solutions. Then  we finally obtain the 
following exact solutions in the (x,y) coordinate system for the stress components 
and the displacement components  
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The strain energy is  
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Since the analytic solutions for the stress components are obtained, the expression 
for the strain energy U is  
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Since b «1, we consider that the poisson ratio .const=ν , the elastic moduli 

.E const=  and the mass density .const=ρ  through the material. 
 
 
 
2.3 Transient analysis for homogeneous elastic thick plate 
 
We consider the inplane transient analysis for the homogeneous elastic thick plate as 
shown in Figure 2. Since the coordinate q used for the inhomogeneous analysis 
represents the logarithm of the coordinate y, the obtained transient responses are not 
correct except for on x and y axes even if b«1. Since the relationship q and y is 
nonlinear, the radius from the source to the calculation point is represented in the 
smaller radius in case of b>0, and in the larger radius in case of b<0. In the 
reflection analysis of the transient wave for the elastic plate, two responses of the 
incident wave and the reflected wave accurately do not agree at the reflection 
boundary. Then, we first try to calculate accurately the reflection response for the 
homogeneous elastic thick plate by using the method of images.  
When the inplane transient wave impinges the free boundary of the elastic body, the 
incident wave is divided into P wave and S wave. The wave reflection by the Snell’s 
law is shown in Figure 3, and the relationship between the angle pθ of the reflected 

P wave and  the angle sθ  of the reflected S wave is  
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where 

TL cc=κ                                                           (65) 
 

When y value is known, the arrival time spt  and the arrival coordinate position sx  
of the reflected wave ray is easily obtained 
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Figure 2 : Elastic thick plate subjected to inplane impact line load 
 
 
 
 
 
 
 
 
 

Figure 3 : Reflection of inplane transient wave 
 
 

For the reflected S wave by the incident P wave 
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For the reflected P wave by the incident S wave 
 

( ) ( ) ⎟
⎠
⎞

⎜
⎝
⎛ −−+⎟

⎠
⎞

⎜
⎝
⎛ −−= spps yhyht θπκθπ

2
cosec

2
cosec                            (68) 

 

( ) ⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−= spp hyhx θπθπ

2
cot

2
cot                                   (69) 

 
From these reflection property, when the wave front comes back the free surface y=0 
after the first reflection at the boundary, we have 
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psps xhhx =⎟
⎠
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After n times reflection, the arrival times which the same type waves reach the y 
coordinate position are 

( )22
npn ynhxt −+=  ， ( )22

nsn ynhxt −+=κ                  (72),(73) 
After the reflection of the i times as the P wave and the j times as the S wave, finally 
the arrival time and the arrival x coordinate of P wave and S wave are pijpij xt ,  and 

sijsij xt , , respectively 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4 : Reflection of transient wave in elastic thick plate 
 
 

( ) spnpij jhttyiht ++=   ,  ( ) spnpij jhxxyihx ++=                 (74),(75) 
 

( ) snpsij tyjhihtt ++=
 
,
 

( ) snpsij xyjhihxx ++=             (76),(77) 

where 

⎟
⎠
⎞

⎜
⎝
⎛ −=⎟

⎠
⎞

⎜
⎝
⎛ −= sspp t,t θπκθπ

22
coseccosec                         (78),(79) 

⎟
⎠
⎞

⎜
⎝
⎛ −=⎟

⎠
⎞

⎜
⎝
⎛ −= sspp xx θπθπ

2
cot,

2
cot                             (80),(81) 

( ) ⎟
⎠
⎞

⎜
⎝
⎛ −−+=+= hyhy,jin n

n 2
11

2
1                                  (82),(83) 

We can show the aspect of these reflections as shown in Figure 4, and the wave ray 
increases two at one reflection. For the first layer from the top the wave rays are the 
direct waves from the source, for the second layer the wave rays are the 1 time 
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reflection waves and for the third layer the wave rays are the 2 times reflection 
waves. Folding on each horizontal line, the transient response for the elastic thick 
plate is represented as shown in the upper figure on the right. On the actual 
impulsive reflection response, the relationship between the incident wave and the 
reflected wave is based on the Snell’s law, the correspondence of the reflected wave 
to the incident wave  is established at the calculation point. 
Next, we examine how the energy of the incident wave will be distributed the 
reflected P and S waves. The incident angles for P wave and S wave are 00 SP ,θθ , 
respectively. P and S waves reflected from either incident wave are formulated by 
the Snell’s law, we can obtain as follows 
For the incident P wave 

S

T

P

L

P

L ccc
θθθ sinsinsin 0

==
                                          

(84) 

For the incident S wave 

P

L

S

T

S

T ccc
θθθ sinsinsin 0

==                                           (85) 

The critical angle cθ  which the incident S wave does not produce the reflected P 
wave is given 

( )κθ 1sin 1−=c                                                      (86) 

Next, we consider the amplitude ratio for the incident P and S wave 
In case of an incident P wave 
For the reflected P wave 

( ) PSSP
P

P

A
A

Δθκθθ 2cos2sin2sin 22
0

0

−=
                                

(87) 

For the reflected S wave 

PSP
P

S

A
A

Δθθκ 2cos2sin2 0
0

=
                                        

(88) 

where 
SSPP θκθθΔ 2cos2sin2sin 22

0 +=                                 (89) 

0PA , PA , SA are the incident P wave amplitude, the reflected P wave amplitude and 
the reflected S wave amplitude, respectively. 
In case of an incident S wave 
For the reflected P wave 

SS
S

P

A
A

Δθκ 0
0

4sin−=                                          (90) 

For the reflected S wave 

( ) SSPS
S

S

A
A

Δθκθθ 0
22

10
0

2cos2sin2sin −=                         (91) 

where 
0

22
0 2cos2sin2sin SPSS θκθθΔ +=                               (92) 
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Figure 5 : Aspect of the reflected wave fronts at the plate boundaries 
 

0SA  is the incident S wave amplitude. 
From the energy balance on the free surface of the half space 
In case of an incidence P wave   

1
2sin
2sin

0

2

0

2

0

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

P

S

P

S

P

P

A
A

A
A

θ
θ                                           (93) 

In case of the incidence S wave   

1
2sin
2sin

2

00

2

0

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛

S

S

S

P

S

P

A
A

A
A

θ
θ                                            (94) 

Reflecting one incident wave ray at the boundary, it’s divided into P and S wave, 
and the total transient response can be expressed by the superposition of these waves. 
The propagation aspect for several wave fronts is shown in Figure 5. 
 
2.4 Reflection analysis for inhomogeneous elastic thick plate 
 
As shown in the previous section, since the wave front of the transient response for 
the inhomogeneous elastic half space is not accurately depicted except for on the x  
axis or the axis. Therefore, the discontinuity occurs at the boundary and it becomes 
difficult to express the transient response for the inhomogeneous elastic plate with 
the reflection boundary. If we consider the inhomogeneity which is expressed as the 
thin homogeneous layered laminate model, this discontinuity of the response in the 
numerical calculation does not occur, but it becomes difficult to satisfy the Snell’s 
law at the boundary. But, we can obtain the response for the inhomogeneous plate 
by the numerical processing scaled up or down the y coordinate of the response for 
the homogeneous plate. The shape of the wave front is determined by the b value in 
the linear inhomogeneous plate, here, we define the inhomogeneous coefficient 

iς as the more direct representation as follows 

( ) ( )21111 .i,x
y

ar

ari
i =⎟

⎠
⎞⎜

⎝
⎛ −−+=ζ                                 (95) 
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where, ary , arx are the arrival positions on y axis and x axis, respectively. iς  
represents the shape of the wave front which is transformed from the semicircle in 
the homogeneous case to the ellipse in the inhomogeneous case. 1=i   is the incident, 
reflected wave from the wave source side of the plate, 2=i  is the reflected wave 
from the lower boundary of the plate. In case of 211 .=ζ , 21.xy arar = , in case of 

802 .=ζ , 80.xy arar = . In case of 211 .=ζ , the transient wave ray returns in 802 .=ζ  
from the lower boundary.  
Therefore 

0221 .=+ ςς                                                            (96) 
The propagation time of the transient waves which go and return through the plate is 
constant regardless of the inhomogeneity. The accurate configuration of the wave 
front for the inhomogeneous half space can be calculated by the homogeneous 
layered model as shown in Figure 6.  
Figure 7 is comparing the analytic model with the 100 layered laminate model. In 
case of 0511 .=ζ , the response of the analytic model almost correct, but in case of  
 
 
 
 
 
 
 
 
 

Figure 6 : Wave front of the inhomogeneous half space 
by the layered model (blue line) 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 7 : Different response for analytic model from 
  an accurate one for layered model 



15 

211 .=ζ , the shape of the S wave expressed by the analytic model is smaller than the 
accurate one for the layered model. Therefore, the numerical calculation for the 
inhomogeneous elastic plate is carried out by the 100 homogeneous layered 
approximation.  
 
3  Numerical calculation 
 
In the analysis of the linear inhomogeneous half space, the material composition of 
the free surface is the fundamental values, we use Al 5052〔17〕and we consider 
that the P wave phase velocity is sec5006 ｍ,cL = and Poisson ratio is 340.=ν . Here, 
we assume that the phase velocity ratio of the P and S wave is constant and does not 
change for any inhomogeneity, and the wave front reaches x coordinate position 

01.x =  on the free surface of the half space at time 01.t = . By this assumption, the 
generality is not lost. 
Figure 8 is the decibel representation for the response of the strain energy U at 

01011 .t,. ==ζ , 4 waves of P wave, S wave, Head wave and Rayleigh wave are 
very clearly expressed. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8 : 4 waves produced by the inplane impact loading 
 
 
 
 
 
 
 
 
 

       (a) Stress yyσ                                         (b)  Stress yxτ  
Figure 9 : Contour mapping representation of transient responses 

for homogeneous half space at t=1.0 
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       (c) Stress xxσ                                   (d)  Strain energy U 
 
 
 
 
 
 
 
 

  (e) Displacement u                                  (f)  Displacement v 
Figure 9 (continued): Contour mapping representation of transient responses 

for homogeneous half space at t=1.0 
 
 
 
 
 
 
 
 
 
 
 

 (a) 211 .=ς                                                (b)  801 .=ς  
Figure 10 : Transient response of stress yyσ  for inhomogeneous half space at t=1.0 

 
 
 
 
 
 
 
 
 
 
 

Figure 11 : Transient response of stress yyσ for homogeneous thick plate of h=0.35 
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Figure 12 : Transient response of stress yyσ for homogeneous thick plate of h=0.25 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 13 : Transient response of stress yyσ for  inhomogeneous thick plate 

 
Figure 9 is the transient responses of the homogeneous half space, and this is in case 
of the inhomogeneous parameter 0000010.b = , that is, the inhomogeneous 
coefficient 011 .≈ζ . Each figure of Figure 9(a)〜9(f) is the transient response of 
stress components 000 ,, yyxxyyyxyyyy σσστσσ  , the strain energy 0UU , the 
displacement components 00 , vvvu , respectively, and each response has been 
expressed by the contour mapping representation. 100 point Gauss-Legendre 
numerical integration was used for the calculation of the displacement components. 
In case of 

0yyyy σσ , the colors were alternately changed in every 0.01 for 

200.2- yy0yy .≤≤ σσ . 000 ,, vUyyσ  are the response values of vUyy ,,σ  at the 
coordinate (0,0.01) . For y axis, v,U,, xxyy σσ  become the symmetric responses and 
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u,yxτ  become the anti-symmetric responses.  Figure 10 is the response for the 

inhomogeneous half space of the stress yyσ expressed in 100 layered laminate model.  

Figure 10(a) is in case of 211 .=ς  and Figure 10(b) is in case of 801 .=ς . Figures 
11 represents the transient response of stress yyσ  of the homogeneous elastic thick 
plate.  Plate thickness is 35.0=h . The aspect of the coupled reflection of P and S 
waves and the contribution to the whole wave field of Rayleigh wave and Head 
wave are clearly expressed.  In this figure, the response is magnified 100 times in 
order to make the visible wave fronts. Figures 12 is in case of 25.0=h , the reflected 
wave lays drastically increases in comparison with the previous figure. The 
boundary condition is satisfied except for the vicinity of the impact point.  Figures 
13 is the transient response of the inhomogeneous elastic thick plate for the stress 

yyσ  in case of 502511 .h,. ==ς . Regardless of the inhomogeneity, the propagation 
time of the transient waves which go and return through the plate is constant.  
 
 
4  Conclusion 
 
The Cagniard method established as a technique of the exact analysis of the inplane 
transient problem for the homogeneous elastic half space, was applied to the 
problem for the inhomogeneous elastic half space with the weak inhomogeneity. 
Deciding the potentials which expressed the displacement for the linear 
inhomogeneous elastic material, we obtained the exact solutions for the transient 
responses. The numerical result of the stress components xxyxyy στσ ,, , the strain 
energy U and the displacement components vu ,  were obtained from these deduced 
analytic solutions.  In the case of the weak inhomogeneity, the calculated response 
for the analytic solutions are almost correct, even if in the case of the strong 
inhomogeneity, we could accurately calculate the transient response by using the 
100 homogeneous layered laminate model. Furthermore, we incorporated the 
method of images, using Snell’s law which clarified the coupled reflection of P and 
S waves at the boundary of the plate, into the reflection response calculation 
algorithm and discussed the wave propagation including Head wave and Rayleigh 
Wave. Finally as a result of these wave propagation researches for the 
inhomogeneity, we could show that the transient response of the inhomogeneous 
thick plate was obtained from the transient response of the homogeneous thick plate.  
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