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Abstract 
 
In this paper a numerical solution of the elastohydrodynamic line (EHL) contact 
lubrication problem is presented for a cylinder which is rolling over a flat plane. As 
is well known, the properties of the lubricant play a significant role in the forming of 
a lubricating film and reducing friction between the contacting surfaces. Pressure 
profiles and film shapes are shown and variations of the minimum film thickness 
with dimensionless parameters are also presented. The influence of pressure and 
temperature on viscosity, limiting shear stress and density, has been taking into 
account when lubricant models have to be used in numerical calculation of film 
thickness and friction. The effects of different pressure–viscosity relationships, 
including the exponential model, the Roelands model and the free-volume model, 
are investigated on modelling in the best possible way the real piezo-viscous 
behaviour at pressures as high as the typical EHL pressures.  
The role of surface roughness on EHD lubrication has become crucial, for this 
reason its effect on the pressure profile and film thickness in a steady state EHL line 
contact is, also, investigated by means of numerical simulations. One of the 
purposes of this work, in fact, is to show how the pressure profile and film thickness 
are influenced by surface asperity, not only by modelling the roughness using 
deterministic or averaging techniques, but by introducing a real surface topography 
of the contact surfaces. The roughness data of a real surface has been collected using 
a three-dimsional no-contact profilometer based on confocal microscopy technology. 

Keywords: elastohydrodynamic line, roughness, piezo-viscosity, free volume, 
Reynolds equation; film thickness. 

1 Introduction 
 

A good and accurate prediction of the elastohydrodynamic lubrication (EHL) 
behaviour requires the resolution of the constitutive equations for lubricated 
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contacts. The EHL has two primary aspects: the strong increase of viscosity with 
pressure, and the magnitude of the elastic deformation caused by high pressure 
which is comparable to that of the film thickness. Due to the high pressure and the 
limited contact area elastic deformation of the surfaces will occur and it is not 
negligible, as well as the pressure dependence of viscosity play a crucial role in EHL 
simulation because the viscosity at the inlet has crucial influence on film formation. 
The rheology of liquid lubricants in the Hertzian zone of concentrated contacts has 
been of principal interest to tribologists many years. In particular, for applications 
involving lubricants that exhibit shear-thinning behaviour, the use of an appropriate 
non-Newtonian fluid model is required to predict the EHL behaviour more 
accurately. For this reason, this paper aims to emphasize the importance of 
implementing realistic non-Newtonian and piezo-viscous models with accurate 
treatment methods in EHL applications. 
The exponential [1] and Roelands [2] equations are widely used to describe the 
pressure-viscosity relationship in EHL simulations. However, the real responses of 
most lubricants are often non-linear [3]. It is usually difficult to predict the non-
linearity accurately by the exponential equation, and the value is likely to be 
underestimated by the Roelands equation [4].  
In the light of the above facts, in order to a better modelling of the lubricant 
rheology Doolittle [5] developed the first free-volume model based on a physical 
meaning, that the resistance to flow in a liquid depends upon the relative volume of 
molecules present per unit of free volume. Using an exponential function, Doolittle 
related viscosity to the fractional free volume. The Williams–Landel–Ferry (WLF) 
equation [6] can be derived from the Doolittle free-volume equation; this one, 
subsequently improved by Yanutsomi [7] and Cook [8], may accurately describe the 
temperature variation of viscosity and, above all, obtain an accurate description of 
viscosity variation with pressure. 
In this paper the effects of different pressure–viscosity relationships on film 
thickness, including the Barus model, the Roelands model, and the free-volume 
model, are investigated through a numerical simulation taking into account the 
physical characteristics of the lubricant.  
At the same time, the conditions under which lubricated contacts in machine 
element applications have to operate reliably have become much more severe in the 
past years. As a result the nominal film thickness in the contacts has decreased to a 
level where the influence of surface roughness becomes significant. This issue has 
focused the attention of the researchers on the study of the influence of surface 
texture in elastohydrodynamic lubrication especially  on the elastic deformation of 
the roughness inside the contact.  
The studies on roughness deformation have produced a lot of knowledge on how 
roughness and its effect can best be characterized for prediction purposes. In 
particular the approach based on single harmonic components, developed by Venner 
and Lubrecht [9] Masen et al. [10] has also proven to be partially useful. The 
purpose of this paper is to study systematically the effect of longitudinal roughness 
on friction by means of numerical simulations, for this reason, it has been shown 
how the pressure profile and film thickness are influenced by surface asperity, not 
only by modelling the roughness using deterministic or averaging techniques, but by 
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introducing a real surface topography of the contact surfaces. For this reason, three 
types of surfaces are employed for cases in line contacts. Firstly the classical smooth 
profile; a second case in which the surface roughness is assumed to be transverse 
and its profile is generated by a sinusoidal function defined in terms of its amplitude 
and wavelength. Subsequently, in the third analysed case was considered the 
topography of a rough surface and its orientation. The roughness data of a real 
surface has been collected through a 3D no-contact profilometer based on confocal 
microscopy technology because confocal profiling provides the highest lateral 
resolution that can be achieved by an optical profiler.  

 
 
 

2  Numerical results 
 
2.1 Governing equations 

 
The classical EHL problem consists of principally three equations that have to be 
solved simultaneously. These are the Reynolds equation, the film thickness equation 
including the elastic deformation and the force-balance equation. The desired 
outputs related to the resolution of this system are, usually, the pressure distribution 
and the film thickness variation. In addition to these three equations, the density and 
viscosity-pressure relations have to be calculated inside the lubricated meatus (see 
Appendix). 
 
Reynolds Equation. According to isothermal EHL theory, the film profile and 
pressure distribution in line EHL contacts are expressed by the equivalent elastic 
modulus E’, equivalent radii in the x direction R, properties of lubricant, average 
velocity um  and the applied load  w. The classical Reynolds equation for the case of  
smooth surfaces is: 
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condition has been supposed so that the surface velocities are identical to the 
lubricant velocities. 
The boundary conditions are p=0 at the boundaries of the calculational domain and 
the cavitation condition is 0=p at the cavitation boundary. 
 
Film Thickness Equation. The film thickness equation, describing the distance 
between the two contacting surfaces, consists of two components, the gap between 
the undeformed surfaces and the elastic deformation of the surfaces. Consequently, 
the gap between the elastically deformed surfaces, generally described by the film  
thickness equation, is calculated in each point of the x direction as: 
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Force Balance Equation. An equation is also needed to make sure that the load and 
the pressure in the contact are in equilibrium. This equation is usually called the 
force balance equation. In full film conditions, the load per width unit is carried by 
the lubricant film and the calculation is an integration of the lubricant film pressure. 
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In conjunction with these three equations, a density model has been used for these 
EHL simulations. Due to the isothermal conditions assumed in this work, the density 
model used is only pressure dependent and it has been developed by Dowson and 
Higginson [11], in which a model for the relation between the density and the 
pressure for a lubricant is presented.  
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2.2 Viscosity model 
  
An important factor which plays a decisive role in the prediction of film thickness 
and pressure distribution is the piezo-viscous response of lubricants. 
 
2.2.1   Barus and Roelands models 

 
The majority of available studies on EHL contacts often use one of the two well-
known pressure-viscosity equations given below: 
 
Barus model: 

)exp(0 p⋅= αμμ  
 
Roelands model: 

( ) ( )( )[ ]zp9
00 101.51167.9lnexp −⋅++−+= μμμ  

particularized with z=0.6 (Fig. 1). 
 
Dimensionless pressure profiles and film shapes variations with dimensionless load 
and sliding speed parameters in a domain -1.5<X<1.5 are presented in the Figs.2-3. 
The model predicts that a pressure spike occurs on the outlet side of the contact, 
accompanied by a constriction in oil-film thickness. Increasing speed or decreasing 
applied load causes the increasing of the pressure spike in height and its moving 
from the outlet side of the contact toward the inlet. 
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Figure 1: Film thickness profile and pressure distribution using Roleands law (solid 

line) and Barus law (dashed line) with W=3.0×10-4; U=2.0×10-11. 
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film thickness-W=1.5e-5;
pressure-W=1.5e-5;

film thickness-W=2.5e-5;

pressure-W=2.5e-5;

film thickness-W=3.5e-5;
pressure-W=3.5e-5;

 
Figure 2: Film thickness profile and pressure distribution comparison using 

Roelands law, with W=1.5×10-4(dot line); W=2.5×10-4 (solid line), W=3.5×10-4 

(dashed line) 
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Figure 3: Film thickness profile and pressure distribution comparison using 

Roelands law, with U=1.5×10-11(solid line); U=2.0×10-11 (dashed line), U=2.5×10-11 

(dot line) 

 
On the other side, for the film thickness behaviour, increasing the dimensionless 
sliding speed, the height of the meatus increases, while for an increase in applied 
load a reduction of the film thickness is observed. 

 
These results are due to a progressive variation of the lubrication regime as a 
function of speed and applied load parameters. In fact an increase of the load causes 
a progressive predominance of the boundary lubrication regime condition, while 
increasing the sliding speed hydrodynamic lubrication regime is expected with a 
higher fluid meatus. This result is well described in the Stribeck curve [12] in which 
the coefficient of friction is usually represented as a function of a dimensionless 
lubrication parameter ηv/P, where η is the dynamic viscosity, v the sliding speed and 
P the load projected on to the geometrical surface dimensionless per unit length. For 
smaller values of the Stribeck parameter, e.g. due to an increase of the load, 
boundary lubrication is the major lubrication regime, while an increase in this 
parameter, e.g an increase in the sliding speed, causes a displacement towards the 
hydrodynamic lubrication region. 
 
In the recent years, the crucial focus on the real pressure-viscosity relationship is 
that neither of the above two equations successfully model the real piezo-viscous 
behaviour at pressure as high as the typical EHL pressure. 
For this reason it was necessary using a more accurately model such as the free-
volume viscosity model. 
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2.2.2   Free-volume model 
 

Doolittle [5] developed the first free-volume model based on a physical meaning, 
that the resistance to flow in a liquid depends upon the relative volume of molecules 
present per unit of free volume. The free volume of a liquid was originally 
considered to be the volume resulting from the thermal expansion without phase 
change. Using an exponential function, Doolittle related viscosity to the fractional 
free volume. In this work, the Doolittle’s viscosity–pressure relationship is 
represented by : 
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Where B and 

0V
V∞  are constants and 

0V
V  can be calculated using the Tait’s 

equation [13,14]: 
 

]'1(1ln[
'1

11 0
000

K
K
p

KV
V

++
+

−=  

 
The lubricant in the proposed model is characterized by 0μ =1.3 Pa·s; B=4.422;  

 

0V
V∞ =0.6694; 0'K =12.83, 0K =1.4252 GPa [15]. 

 
Fig.4 shows the pressure distribution and film thickness profile obtainded froma 
static load EHL analysis with the free-volume model. The dimensionless load is 
W=3.0×10-4, the dimensionless sliding speed is U=2.0×10-11 and the dimensionless 
material parameter is G=4000. The maximum Hertzian contact pressure, for this 
operating conditions, ph, is 1.25 GPa. 
 
A behaviour similar to those reported previously using the Roelands law, for the 
pressure distribution and film shape, in function of the dimensionless applied load 
and sliding speed, has been observed with the use of the free-volume model. In fact 
an increase in sliding speed or a decrease in applied load causes the increasing of the 
pressure spike in height and its moving from the outlet side of the contact toward the 
inlet (Fig.5). 
 
In particular in the figures below are also shown the graphs of viscosity as a function 
of different levels of applied load (Fig.6) and sliding speed (Fig.7). 
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Figure 4: Figure 1: Film thickness profile and pressure distribution using Doolittle 

model with W=3.0×10-4; U=2.0×10-11. 
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Figure 5: Film thickness profile (red line) and pressure distribution (black line) 

comparison using Doolittle model for different level of dimensionless sliding speed 
(from U=1.0×10-11to U=6.0×10-11) 
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Figure 6: Viscosity distribution comparison using Doolittle model for different level  

of dimensionless applied load (from W=1.0×10-4 to W=6.0×10-4) 
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Figure 7: Viscosity distribution comparison using Doolittle model for different 

level of dimensionless sliding speed (from U=1.0×10-11 to U=6.0×10-11) 
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Comparing the results obtained, in terms of pressure distribution and film thickness, 
using the free-volume model and the Roelands one for the viscosity-pressure 
relationship, it is possible to observe a pressure spike amplitude of about 25% higher 
using the model based on the free-volume theory (Fig.8). 
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Figure 8: Film thickness profile and pressure distribution using Doolittle model 

(solid line) and Reolands law (dashed line) with W=3.0×10-4; U=2.0×10-11. 
 
 
It is also seen that the difference in central pressure is about 2%. 
Similarly it can be seen that the height of the film thickness is smaller for the 
proposed model even if in a small percentage of about 3%. 
The remarkable difference as regards the pressure magnitude inside the contact area 
could also influence the sub surface stresses, for this reason the risk of surface 
fatigue can be estimated more accurately. 
 
For many years, an important parameter of comparison with regard to the EHL 
lubrication is the central and the minimum value of the film thickness. 
Indeed, already during the 1970's, Hamrock and Dowson [16,17] ,  presented their 
today well known equations for the central and minimum film thickness for hard and 
soft EHL. These equations already highlighted the importance of the relationship 
between pressure and viscosity in the calculations of the film thickness. 
By comparing the numerical results obtained using the two proposed viscosity 
models in this work it could be observed that the use of Roelands law tends to 
overestimate the height of the minimum and central film thickness in each 
considered operating conditions ( Figs. 9-12 ). 
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Figure 9: Minimum film thickness values comparison for different level of 

dimensionless applied load (from W=1.0×10-4 to W=6.0×10-4) 
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Figure 10. Minimum film thickness values comparison for different level of 

dimensionless sliding speed (from U=1.0×10-11 to U=6.0×10-11) 
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Figure 11: Central film thickness values comparison for different level of 

dimensionless applied load (from W=1.0×10-4 to W=6.0×10-4) 
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Figure 12: Central film thickness values comparison for different level of 

dimensionless sliding speed (from U=1.0×10-11 to U=6.0×10-11) 
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2.3 The effect of the roughness 
 
The proposed model is also used in order to investigate the effect of different types 
of rough surface on EHL lubrication performance. 
For this reason, three types of surfaces are employed for cases in line contacts. 
Firstly the classical smooth profile; a second case in which the surface roughness is 
assumed to be transverse and its profile is generated by a sinusoidal function defined 
in terms of its amplitude and wavelength. Subsequently, in the third analysed case 
the topography of a rough surface and its orientation  have been considered. The 
roughness data of a real surface has been collected through a 3D no-contact 
profilometer based on confocal microscopy technology. 
 
2.3.1   Sinusoidal wave roughness 
 
The presence of a sinusoidal waviness on one of the contacting surfaces causes 
relative variations on the pressure distribution and film shape that would be obtained 
with perfectly smooth surfaces[18-20]. The magnitude of these variations depends 
on the operating conditions, the lubricant characteristics, and the roughness 
geometry. In particular it depends on the response of the shear stress to viscosity 
fluctuations caused by the pressure variations, so that the importance of the piezo-
viscous behavior is also confirmed. 
The numerical results are obtained considering the dimensionless parameters: 
W=3.0×10-4; U=2.0×10-11 ; G=4000; and the cylinder radius equal to R=0.005 m. 
The waviness is characterized by its dimensionless amplitude A and wavelength W . 
Regarding the amplitude it is useful to introduce another dimensionless quantity, the 
relative amplitude A* defined as A*= 5A/Hc where Hc is the dimensionless smooth 
central film thickness. The values of A considered in this work is 0.02, while for W 
are 150 and 15 (λ=1000, 100). 
 

λsin)( AxR =  
 
where λ=2πW, 
 
As expected, the pressure distribution and the film shape exhibit sinusoidal-like 
variations (Fig. 13). 
 
 
 
2.3.1   A real surface topography  
 
Furthermore, the analysis has been extended to a real surface topography. The 
roughness profile has been acquired by a 3D no-contact profilometer (Sensofar 
PLU-Neox) based on confocal microscopy technology with two important qualities: 
non-invasive and high accurate measurements. In Fig.14-15 are reported the 
linearized roughness measured on x direction and an image of the real 3D 
topography. 
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Figure 13: Film thickness profile and pressure distribution with λ=1000 (solid line) 

and λ=100 (dashed line). 
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Figure 14: Real surface roughness profile in x direction 
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Figure 15: A particular of real surface 3D topography 
 

The result of this simulation shows a significant pressure and film thickness 
fluctuations within the contact zone. The local pressure values changes drastically 
along the x axis with a maximum hertzian contact pressure ph=1.41 GPa (Fig. 16). 
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Figure 16: Film thickness profile and pressure distribution using Doolittle model and 

real surface roughness with W=3.0×10-4; U=2.0×10-11 

 
The result emphasizes the importance of the measuring the real surface roughness of 
the materials to be able to estimate accurately the pressure values that can be 
reached in the contact area which strongly influence the values of the coefficient of 
friction and the surface fatigue of the mating materials. 
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3 Conclusions 
 
In this paper numerical results in EHL line contact modelling with non-Newtonian 
fluids and roughness surfaces have been presented. The Roelands law, usually used 
for modelling the pressure-viscosity relationship of the lubricants has been observed 
to fail in capturing the real film thinning behaviour. For this reason, a law based on 
the free-volume theory model has been used to predict the EHL characteristics 
(pressure distribution and film thickness) over a wide range of sliding speed and 
applied loads with a better characterization of the shear-thinning lubricant 
behaviour. In fact, it was found that the film thickness becomes more thinner using 
the free-volume model and in particular the pressure spike magnitude increase 
significantly. This paper also aims to highlighted the importance of knowing the real 
surface topography to estimate the real values of the pressure distribution inside the 
contact area. 
In fact, numerical simulations have shown the influence of the surface roughness on 
the EHL properties, for this reason an optical profilometer has been used to acquire 
the three-dimensional surface topography in order to evaluate the values of pressure 
and film thickness more accurately. 
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Appendix  
 
Dimensional parameters 

B= half width of hertzian contact zone 
π2

4 WRb =  (m) 

E’= effective elastic modulus of bodies 1 and 2 (Pa) 

h= film thickness (m) 

p=pressure (Pa) 

ph=maximum hertian pressure 
R
bEph 4
'

= (Pa) 
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R= radius of contact (m) 

um= average sliding speed (m/s) 

w=applied load per unit length (N/m) 

µo= inlet viscosity of the lubricant (Pa s) 

ρo= inlet mass density of the lubricant (kg/m3) 

µ= lubricant viscosity at the local pressure (Pa s) 

ρ= lubricant mass density at the local pressure (kg/m3) 

α=piezo-viscous coefficient (Pa-1) 

x= coordinate in the direction of surface velocity (m) 

 
 
 
 
Dimensionless parameters 
 
G=dimensionless load parameter G= αE’ 

H= dimensionless film thickness 2b
hRH =  

P= dimensionless pressure 
hp

pP =  

U= dimensionless speed parameter 
RE

u
U m

'
0μ=  

W= dimensionless load parameter 
RE

wW
'

=  

μ = dimensionless viscosity 
0μ
μμ =  

ρ = dimensionless mass density 
0ρ
ρρ =  

Z= Roelands parameter 

X=dimensionless coordinate in x direction 
b
xX =  

B=Doolittle parameter 

Vocc= occupied volume 

V= volume 

Vo=  volume for p=0 

K0=  isotherm bulk modulus at p=0 (Pa) 

K0’= pressure rate of change of  isothermal bulk modulus at p=0  
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