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Abstract

Numerical experiments suggest interesting properties in the several fields of fluid dy-
namics, plasma physics and population dynamics. Among such properties, there is a
striking manifestation of support splitting and merging phenomena in the behaviour
of non-stationary seepage. The model equation in one dimensional space is written in
the form of the initial-boundary value problem with the effect of a non-linear filtration.
In this paper, such phenomena are realized by use of finite difference schemes, and are
justified from numerical and analytical points of view. Moreover, several interesting
numerical examples are demonstrated.
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1 Introduction

We are concerned with the dynamical behaviour of non-stationary seepage in the non-
linear filtration. The representative filtration is well known as the flow through porous
media where the water evaporates. In particular, it is expected that such a seepage
exhibits support splitting and merging phenomena, which are caused by the interaction
between the nonlinear diffusion and the penetration of the fluid from the boundary on
which the flowing tide and the ebbing tide occur. Here the support means the region
where the fluid exists.

To model such phenomena in one dimensional space we introduce a model based
on the following equation, which is used to describe the flow through porous media



with absorption [1, 2]:

ve(t,x) = (V"™)pe — P in (0,00) x (=L, L),
v(t, £L) = ¥=(t) in (0,00), (1)
v(0,7) = (x) in (—L, L),

where v denotes the density of the fluid, m > 1,0 < p < 1,¢>0,m+p = 2and
v%(z), %+ (t) > 0. This equation is also used to describe the propagation of thermal
waves in plasma physics [3].

From analytical points of view, the existence and uniqueness of a weak solution and
the comparison theorem are proved by Oleinik, Kalashnikov and Chzou [4], Kalash-
nikov [5, 6] and Knerr [7] in the case of the initial value problem, and by Bertsch [8]
in the case of the initial-boundary value problem.

For the initial value problem, Rosenau and Kamin [3] suggested support splitting
phenomena in several numerical examples. This motivates us to develop an inter-
face tracking algorithm. By using our scheme [9] based on this algorithm we found
support splitting and merging phenomena. We also constructed the initial function
for which repeated support splitting and merging phenomena appear [10]. For the
initial-boundary value problem (1) Kersner proved the appearance of support splitting
phenomena [11], but he did not show that support merging phenomena appear after
the support splits.

To investigate such phenomena in the problem (1) it is important to construct a
numerical method to (1) and to analyze the profile of the support of the stationary
solution w(x) satisfying

(W) gy — cw? =0 in (=L, L), 2)
w(—L)=d ,w(l) =7,
where o/ and (3’ are positive constants. Moreover, we prove the stabilization of the

solution v(t,x) of (1); that is, v(t,z) converges to the stationary solution w(z) as
t — oo.

2 Finite difference scheme

We put u = v™ ! and rewrite (1) as follows:

Uy = MU, + mnz 1(u:,;)2 —(m —1)exuso in (0,00) x (=L, L),
u(t, £L) = (gt in (0,00), @
u(0,2) = u’(x) = (v°(z))™! in (—L, L),

where the term of absorption is written as the constant —(m — 1)y, by the assump-
tion m + p = 2. Our scheme approximates the problem (3) instead of (1). Let h be
a space mesh width and V}, be the set of the nonnegative and piecewise-linearly inter-
polated functions uj, = up,(x) with the mesh M;, = {—Nh, —(N — 1)h,---, (N —
1)h, Nh}, where N is an integer and h = % The scheme is described as follows:



Find the sequence {u}},—1 .. C V}, with the mesh M, for each u € V}, such that

U,Z+1 = Ph’th’th’kuZ forn = 0, 1, 2, Ty
U’Z(_L> - (w—(tn))m_l7 UZ(L) - (w-i-(tn))m_l forn = 07 17 27 R (4)
W) (ih) = uO(ih) fori=0,+1,--- ,£N,

where P, 1., Dy, 1, and H}, ), are difference operators approximating u; = mutlyy, Uy =

—(m — 1)xu>0 and u; = m 1 (u)?, respectively. Since these difference operators

are written in somewhat complicated form, we omit their description [9]. The variable
time step k = k11 = t,i1 — tn (to = 0) is determined by

b (m—1)h
Aml|(un)glle

®)

Without proof we state Theorems 1 and 2. The latter can be derived from the former.

Theorem 1(Basic estimates [9]). Assume that u°(z) € C*[—L, L] be a nonnegative
function satisfying

(u’(2))az = 0, (©6)
6@l < (= 1))/, G

and that
b= and () =P ®)

where o/ = (uo(—L))ﬁ and ' = (uO(L))ﬁ be arbitrary positive constants. Then

0 < uji(w) < [lupllees, ©)
Rl < (= 1)y (10
TV((u}).) < 20m = 1)y . an

C
(gt — ) [k oo, 1) < 2m|uf || e (m — 1), /E +4L(m —1ec. (12

Theorem 2 (Convergence of numerical solutions [9]). Under the assumption of The-
orem 1 let {h} be an arbitrary sequence which tends to zero. Then, there exists the
unique weak solution v of (1), and

|lvon = v||Le(y)y — 0 as h — 0, (13)

where H C [0,00) x [—L, L] is an arbitrary fixed compact set, v, = (uy)" ™1,

up(t,x) = uj(x) on [ty tuy1) X [—L, L] forallt, and h.



3 Stationary solutions

We state the results for the stationary solutions of (2).
Theorem 3. Let o = (/)" ' and = ()™ be arbitrary positive constants
satisfying

ﬁgoﬁ—(m—l)\/%(ZL), (14)

max{oz — (m— 1)\/%(2@,0} < 8. (15)

Then there exists a unique stationary solution w(x) > 0 of (2).
Moreover, we have

Theorem 4. Let o = (o/)" L and 3 = (3')™! be arbitrary positive constants such

that
| C

1) If
om—m—n@emga (a7

then w(x) > 0 on [—L, L], which implies that the support never splits.

2) If there exists ((—L < { < L) satisfying

a—(m—l)\/%(ﬂ%—[/):(], (m—l)\/%(L—€)<ﬁ, (18)

then w(x) > 0 on [—L, L], which implies that the support never splits.

3) If there exists ((—L < { < L) satisfying

a—(m—l)\/g(ﬁ%—[,):o, 6<(m—1)\/%([,—€), (19)

then w(x) = 0 on [¢, (*] for some (*({ < {* < L), which implies the support splitting
phenomena.
Proofs of Theorems 3 and 4.

To prove the existence and the uniqueness of the solution w(x) of (2), we rewrite the
original equation as follows:

o(x) = 2(x)
Ha) = m—1)c— a(z(x))Q’ (20)

ma(x)




Figure 1: Stationary solutions w™!(z) in Cases 1), 2) and 3).

where ¢(z) = (w(z))" ', z(z) = (w(z))" ')z, @ = ™=, and the boundary condi-
tions are given by

¢(—L)=a and ¢(L)=p. 1)

Without loss of generality we may take m = 1.5, p = 0.5 and ¢ = 6. Then we have

(m—l)\/%: 1.

We first consider the existence of the global solutions ¢(x) and z(z) (z > —L) of
the initial value problem (20) with

o(—L)=a(>0) and z(—L)=v(-1<y<1). (22)

It is obvious from the standard theory of ordinary differential equations that the local
solution of (20) always exists and is unique at an arbitrary point z = & > —L if
(&) > 0. We prove that

¢(x) >0 and |z(z)] <1 forxz>—L. (23)

Assume the contrary; that is, suppose there exists 0*(> — L) satisfying the following
each case.

Case i) ¢(6* —0) = 0and ¢(z) > 0 forx < 6*;

Caseii) |2(0* — 0)| = 1 and |z(x)| < 1 forz < 6*;

Case iii) The solution fails to exist at z = 6*(> —L) ;

We consider Case i). Since |z(z)| < 1(x < 6%), it follows from (20) that

—14ee B+ B
1< z(z) = —
1 —l—ef—LW

dn+E <1 on [_Lv 0*)a (24)

where £ = log % From (20) we have z(x) = ¢(z) > 0. Thus ¢(z) becomes convex

downward within [- L, 6*), and

x 4 x
oL T WTE o T, g d0+E

— o0 asxz /0. (25)

Hence z(z) /' 1 as x /" 0%, which contradicts the choice of 6*.



In Case ii) the inequality (24) also holds, because ¢(x) > 0(x < 6*). Since ¢(0* —
0) > 0, it follows that z(6* —0) exists and z(6* —0) < 1, which yields a contradiction.

In Case ii1) the inequality (24) also holds and gives
max {a — (z+ L),0} < ¢(z) <a+(x+ L) on[-L, 6). (26)

Thus ¢(x) becomes convex downward within [—L, %), and ¢(6* — 0) and z(0* — 0)
exist. Hence ¢(z) and z(z) can be continued to the right of %, which contradicts the
choice of 6*. From the above consideration the inequality (23) follows.

Next we show the existence of the solution of (20)-(21). In the case where (17)
or (18) holds we apply the continuous dependence of the solution on the initial value
to the proof. In (22) we fix a and change . Let ¢,,(z) and z,.(x) denote the
solutions of (20) with the initial values ¢, (—L) = avand z, ,(—L) = . We note that
ba(x) = a—(x+L) (x > —L) and ¢p3(z) = B—(L—=z) (z < L) become the solutions
of (20). These lines intersect at some point x = z* and ¢, (z*) = ¢z(z*) > 0. Take
71 (> —1) sufficiently close to —1. The solution ¢, , () is positive for all x > —L,
and ¢, (z) < ¢p(z) for z > 37 (z* < & < L). Take 1o(< 1) sufficiently close
to 1. The solution ¢, ~,(z) is positive and ¢ ,(x) > ¢g(x) for x > —L. Thus
bam (L) < B < o, (L). By the continuous dependence of ¢, (L) on +y there exists
some number * such that the positive solution ¢, - () exists and connects two points

(—L,a) and (L, 3). Moreover, w(x) = (g, (x))ﬁ becomes the solution of (2).

In the case where (19) holds we can construct the solution:

a—(x+L) on [—L, ¢,
é(z) =4 0 on [¢, ¢*], 27)
B—(L—=x) on [¢* L],

where { = —L +aand (* = L — (5.
Finally we show the uniqueness of the solution ¢(x) in the following sense:
If two solutions ¢(x) and Y (z) satisfy $(—L) = (—L) = cand ¢(L) = (—L) = 5,
then ¢(x) = (x) on [—L, L.
We prove it. Suppose that there exists £ (—L < § < L) satisfying ¢(§) = (&) and

o(x) > YP(x) on (—L,&). Put wy(z) = (¢(z))™ T and wy(x) = (w(x))mlfl. Then
these solutions satisfy (2), and we have

£
W™ (€) — wy™(€) = wy™ (L) — wy™(~L) + / (ws™(0))s — (wy™(0)),d0

—L

3
- / (™)), — (0,7 (0)) .

(28)

(0" (0))x = (wy™(0))e = (wo"™ (= L)) = (wy"™ (= L))x + / (ws™(1)az — (wy"™ (0))awddn

—-L

> / (cwy?(n) — cwy?(n))dy > 0 for 0 € (—L, €].

—L

(29)



Hence, w,™ (&) —w,™ (&) > 0, which yields ¢(§) —¢(§) > 0. This is a contradiction.
Thus the proof is complete.

Theorem S5(Stabilization). Under the same assumptions as stated in Theorem 3, the
solution v(t,-) of (1) with ¢_(t) = o« and ¢, (t) = (' converges to the unique sta-
tionary solution w(x) of (2) in C[—L',L'| as t — oo, where [-L', L'] C (=L, L) is
an arbitrary fixed interval.

Proof. For the solution v(¢, -) we consider a continuous orbit v = {v(¢,-) : t > 0} in
C[—L', L']. Let w be the w-limit set of -y defined by

w={w(x) e Cl-L, L']: *{t,}, *t, — oo asn — oo, such that
v(ty, ) — w(z) in C[—L', L'l asn — oo}.

By a result of DiBenedetto [12], v is precompact in C[—L', L']; that is,
Htn}, F0(x): v(tn,) — 0(z) €w inC[-L, L] as n — oo.
On the other hand, the following inequality is proved for the solutions v;(t,-) and
vs(t, +) of (1) by Bertsch [8]:
[or(t) = va ()| Lr-, 1) < |01 (0) = va(0) || (i, g for t > 0, (30)

where K is the constant number satisfying
(—=s?) — (—=rP) < K(s —r) forany (0 <r <s). (31)

In general, X' = 0. However, taking the boundedness of these solutions into consider-
ation, we can take | K| << 1(K < 0), and for t > 0

lo(ta) = @z, ) < v(tn) = Wllprpr, oy < € [J0(0) = @z, 1y, (32)
which tends to 0 as n — oo. Thus 0(x) = w(z) [-L/, L'], and the theorem follows
from the uniqueness of the stationary solution w(z).

4 Numerical examples

We show numerical examples for (1), where m = 1.5, p = 0.5, ¢ = 6 and L = 1.5.
In figures the curves mean numerical solutions u; which are given by the scheme (4)
with h = % First we try numerical computation in the case where the boundary
conditions 1)1 (¢) are independent of ¢, and obtain three examples.

Example 1. wu(t,+L) =2, and u(0,z) = 2on [—-L, L.

Example 2. wu(t,£L) = 1.5, and u(0,z) = 1.5 on [—-L, L].

Example 3. wu(t,£L) =1, and u(0,x2) = L on [—L, L].

In each examples we find that numerical solutions converge to the stationary solutions
as t — oo. Thus the properties of the dynamical behaviour of the solution stated in

Theorems 3-5 are realized (see Figures 2, 3 and 4).

Next, putting ¢ (t) = ¢+ ()™ !, we impose a period on o(t). Then some interest-
ing phenomena are obtained.



Example 4. u(t, £L)
Example 5. u(t, £L)
Example 6. u(t,+L)
—L, L.

In Examples 4 numerically repeated support splitting and merging phenomena are ob-
served (see Figure 5). The boundary value () with the period 1 takes the maximum
2.0 and the minimum 1.0. On the other hand, the period is % in Example 5 and is
less than that in Example 4. In this example the support splitting phenomena are not
observed (see Figure 6). In Example 6 o(t) with the period % takes the maximum
1.75 and the minimum 1.0. The support begins to split at some time and never merges
for all later times (see Figure 7). The numerical computation suggests that the appear-
ance of the support splitting and merging phenomena depends on the period and the
amplitude of ¢ (t). So, the mathematical analysis for such phenomena is needed.

(t) = 1.5+ 0.5cos(2nt) and u(0,z) = 2 on [—L, L].
(t) = 1.5+ 0.5cos(127t) and u(0,z) = 2 on [—L, L].

¥
¥
= ¢(t) = 1.375 + 0.375 cos(327t) and u(0,z) = 1.75 on

5 Conclusion

In this paper we obtain the following results in the specific case where m > 1,0 <
p<l,andm+p=2.

1) The convergence of numerical solutions given by our difference scheme (4) (Theo-
rem 2);

2) The existence and uniqueness of a stationary solution of (2) (Theorems 3 and 4);
3) The stabilization of the solution of (1) with ¢/ = const. (Theorem 5).

Unfortunately, in the case when m +p # 2, m > 1,and 0 < p < 1, we have
not obtained these results. We have not been successful in constructing the difference
scheme D), ;, satisfying the basic estimates (Theorem 1) and in proving the existence
and uniqueness of the stationary solution. However, it follows that the stabilization of
the solution also holds, if the stationary solution exists and is unique.

Concerning repeated support splitting and merging phenomena in Example 4, we
may explain the mathematical justification of such a behaviour. Thus, taking the pe-
riod % of u(t,£L) = p(t) = 1.5 + 0.5 cos(27 ft) sufficiently large, we can show the
appearance of repeated support splitting and merging phenomena by Theorem 5(Sta-
bilization). However, at this present we have no mathematical proof to justify the
behaviour of the support in Examples 5 and 6.



t = 0.05208 t = 0.05078

Figure 2: The convergence of numerical Figure 3: The convergence of numerical
solutions to the stationary solution in Ex- solutions to the stationary solution in Ex-
ample 1, where m = 1.5, p = 0.5, c = 6 ample 2, where m = 1.5, p =0.5,c =6

_ 1 _ 1
and h = 55 and h = 55
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Figure 4: The convergence of numerical Figure 5: Numerically repeated support
solutions to the stationary solution in Ex- splitting and merging phenomena in Ex-
ample 3, where m = 1.5, p = 0.5, c =6 ample 4, where m = 1.5, p =0.5,c =6
and h = = and h =

512° 512°
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e t =8.501 : t =0.02678

Figure 6: Numerical support no-splitting Figure 7: Numerical support no-merging

phenomena in Example 5, where m = phenomena in Example 6, where m =
15,p=0.5,c=6and h = 5. 15,p=0.5,c=6and h = 5.
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